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ABSTRACT
Coherence-Induced Entanglement. (May 2006)
Han Xiong, B.S., Peking University;
M.S., Chinese Academy of Sciences
Co—Chairs of Advisory Committee: Dr. M. Suhail Zubairy
Dr. Marlan O. Scully
Coherence and entanglement are the two key concepts that distinguish quantum
mechanics from classical mechanics. Many novel phenomena occuring in the quantum
world are due to these two “physical quantities”. They also play essential roles in
quantum computation and quantum information. For example, coherence, which
says that a quantum mechanical system could be in a superposition state, makes the
quantum parallel computing scheme possible; and entanglement, which says that two
quantum systems separated in space could be in an intervened state, is the key factor
in various quantum teleportation algorithms.
We have studied entanglement generation in various systems. We found that with
atomic coherence, entanglement could be generated between two thermal fields with
arbitrarily high temperatures. We also found that temperature difference instead of
the purity of state is essential for the entanglement generation between an atom and
a thermal field. We discovered that correlated spontaneous emission lasers (CELs)
could be used to generate bright entanglement laser beams. As a special case of CEL
systems, we studied entanglement generation in Non-degenerate Optical Parametric
Amplifiers (NOPAs). We performed the input-output calculations for a NOPA system
and showed that the two output optical beams are still entangled. This justifies our
iv
idea that CEL (or NOPA) systems can be used as an ideal entanglement source
for various quantum information schemes. From an experimental point of view, we
considered the effects of pumping fluctuations on entanglement generation in CEL
and NOPA systems. We found that these fluctuations, especially the phase diffusion
processes, in the pump laser would greatly reduce the entanglement generated in such
systems.
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vi
ACKNOWLEDGMENTS
This research is supported by the Air Force Office of Scientific Research, Air
Force Research Laboratories (Rome, New York), DARPA-QuIST, and the TAMU
Telecommunication and Informatics Task Force (TITF) initiative.
Many thanks to my advisors Dr. M. Suhail Zubairy and Dr. Marlan O. Scully
for all the time they have spent on me and all their help, patience, advising and
instructions on my research and on my routine life. I also want to thank Dr. Fuli
Li for his cooperation on the work in the first chapter; thanks to Dr. Julio Gea-
Banacloche for his cooperation on the input-output problem for the NOPA system
and thank Dr. Shahid Qamar for his cooperation in the effects of pumping noice in
the entanglement amplifier problem. Many thanks to Mr. Clayton and Ms. Kim
for helping me on all the stuff in this group. To all the members in the Institute of
Quantum Studies group, including those friends who have left and those friends who
are still here, I thank you for your friendship and your help.
I am proud to be a member of this wonderful group and I am proud to be an
Aggie here. My wish for all of you is that you have a wonderful and fruitful future.
vii
TABLE OF CONTENTS
CHAPTER Page
I INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . 1
II COHERENCE INDUCED ENTANGLEMENT . . . . . . . . . . 6
A. Temperature difference induced entanglement . . . . . . . 6
1. The Jaynes-Cummings Model (JCM) . . . . . . . . . . 7
2. Entanglement criterion . . . . . . . . . . . . . . . . . 9
3. Temperature difference as an important role in en-
tanglement creation . . . . . . . . . . . . . . . . . . . 11
4. Control of entanglement creation . . . . . . . . . . . . 14
B. Coherence induced entanglement . . . . . . . . . . . . . . 18
1. System description and the Hamiltonian . . . . . . . . 18
2. Entanglement generation via atomic coherence . . . . 20
III CORRELATED SPONTANEOUS EMISSION LASER AS
ENTANGLEMENT SOURCES . . . . . . . . . . . . . . . . . . 31
A. Correlated spontaneous emission laser as an entangle-
ment amplifier . . . . . . . . . . . . . . . . . . . . . . . . . 31
1. System description and the Hamiltonian . . . . . . . . 32
2. Master equation . . . . . . . . . . . . . . . . . . . . . 35
3. Entanglement generation . . . . . . . . . . . . . . . . 39
B. Entanglement generation in quantum beat lasers . . . . . . 44
1. The entanglement criterion . . . . . . . . . . . . . . . 45
2. Entanglement production of non-degenerate para-
metric converters . . . . . . . . . . . . . . . . . . . . . 47
3. Field entanglement in a quantum beat laser . . . . . . 49
IV NON-DEGENERATE PARAMETRIC AMPLIFIER AS AN
ENTANGLEMENT SOURCE . . . . . . . . . . . . . . . . . . . 55
A. The entanglement of an NOPA: below and above the
threshold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
1. System description and the Hamiltonian . . . . . . . . 55
2. Input and output calculations: below the threshold . . 57
3. Input and output calculations: above the threshold . . 64
viii
CHAPTER Page
B. Effects of pump fluctuations on the entanglement of a
NOPA system . . . . . . . . . . . . . . . . . . . . . . . . . 70
1. Statistical description of the pump fluctuations . . . . 70
2. Entanglement measures . . . . . . . . . . . . . . . . . 72
3. Phase diffusion upon entanglement generation . . . . . 73
4. Effect of amplitude fluctuations . . . . . . . . . . . . . 75
V SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
VITA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
ix
LIST OF TABLES
TABLE Page
I Solutions of inequality (2.16) . . . . . . . . . . . . . . . . . . . . . . 14
xLIST OF FIGURES
FIGURE Page
1 Atomic coherence for a two-level atom . . . . . . . . . . . . . . . . . 1
2 A Hanle effect CEL system . . . . . . . . . . . . . . . . . . . . . . . 2
3 The Jaynes-Cummings interaction system . . . . . . . . . . . . . . . 7
4 Entanglement dependance on time for different temperature of
atoms. γf = −0.01 and 〈n〉 = 100 for the thermal field . . . . . . . . 15
5 Entanglement dependance on the passage time of the atom through
the classical field, Ωτ = pi/2.0, (a)〈n〉 = 0.3; (b)〈n〉 = 0.5 . . . . . . . 17
6 A three-level atom in “V” configuration with initial populations
ρaa, ρbb, ρcc is prepared in a superpostion of upper level |a〉 and
|b〉 by a resonant classical field. The atom then passes through a
doubly resonant cavity which is resonant with |a〉−|c〉 and |b〉−|c〉
transitions. The fields inside the cavity are initially diagonal, such
as a thermal state. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
7 The solid lines are for the case with 〈n1〉 = 0.1 and 〈n2〉 = 5.0.
The dashed lines are for the case with 〈n1〉 = 0.1 and 〈n2〉 = 1.0.
gt=11.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
8 The solid lines are for the case with 〈n1〉 = 〈n2〉 = 1.0. The
dashed line is for the case with T →∞. gt=5.0 and ρaa = 1. . . . . . 28
9 The time evolution of the entanglement measurement with 〈n1〉 =
0.1, 〈n2〉 = 5.0, and Ωτ = pi/4. . . . . . . . . . . . . . . . . . . . . . 30
10 The time evolution of the entanglement measurement with 〈n1〉 =
1.0, 〈n2〉 = 1.0, and Ωτ = pi/4 and ρaa = 1. . . . . . . . . . . . . . . . 30
xi
FIGURE Page
11 (a) Schematics for the entanglement amplifier. Atomic medium is
placed inside a doubly resonant cavity. (b) A three-level atomic
system in a cascade configuration. The transitions between levels
|a〉 − |b〉 and levels |b〉 − |c〉 at frequencies ν1 and ν2 are resonant
with the cavity. The transition |a〉 − |c〉 is dipole forbidden and
can be induced by strong magnetic fields. (c) A Raman three-level
atomic system where the fields of frequencies ν3 and ν4 are strong
classical driving fields and the the fields at frequencies ν1 and ν2
are resonant with the cavity modes. . . . . . . . . . . . . . . . . . . 33
12 (a) Time development of (∆uˆ)2 + (∆vˆ)2, and (b) 〈Nˆ〉 for initial
coherent states |100,−100〉 in terms of the normalized time gt.
Various parameters are ra = 22kHz, g = g1 = g2 = 43kHz,
κ = κ1 = κ2 = 3.85kHz, γ = 20kHz, Ω = 400kHz. In these
figures, 1 and 2 represent the results for the parametric case and
the general case, respectively. Parameters are chosen such that
they correspond to the micromaser experiments [64]. . . . . . . . . . 40
13 (a) Time development of (∆uˆ)2 + (∆vˆ)2 and (b) 〈Nˆ〉 for initial
vacuum states for the two modes with Ω/γ = 20, 23, 25. Curves
in (b) are truncated when (∆uˆ)2 +(∆vˆ)2 = 2 and the state is not
necessarily entangled. The chosen parameters are ra = g = γ and
κ/g = 0.001. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
14 The entanglement(a) and photon numbers(b) (the dash line is for
mode 1 and the solid line is for mode 2) of a parametric quantum
beat oscillator, we take  = 1 and the initial state of the field
being |10, 0〉 for a special case. . . . . . . . . . . . . . . . . . . . . . 48
15 A schematic of the system setup for a quantum beat laser . . . . . . 50
16 The time evolution of entanglement(a) and photon numbers(b)(the
dash line is for mode 1 and the solid line is for mode 2) of a
quantum beat laser. The following parameters have been chosen:
ra = 1, Ω = 10, γ = 0.1, g = 1, ∆ = 0 and φ = pi. . . . . . . . . . . . 53
xii
FIGURE Page
17 A scheme for our non-degenerate parametric oscillator system. It
consists of a type II crystal located in an optical cavity tuned to
allow three modes of the light field of frequencies ω1, ω2 and ω3
with ω1 + ω2 = ω3. Mode 3 is pumped by an external laser at
frequency ω3. Modes 1 and 2 are the sigal and idler modes of this
oscillator that interact with two baths (bath 1 and bath 2), with
ain(bin) and aout(bout) to be the input and output fields of bath 1
(bath 2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
18 Dependences of spectrum of the quantum fluctuations of EPR-
like operators and intensities on the dimensionless frequency shift
ω/γ, for system operating below the threshold |/γ| = 0.1. . . . . . 63
19 Dependences of spectrum of the quantum fluctuations of EPR-like
operators and intensities on the dimensionless frequency shift ω/γ,
for system operating above the threshold |E| = 2|E|thres = 2γγ32g ,
with g/γ = 1 and γ3/γ = 10. . . . . . . . . . . . . . . . . . . . . . . 69
20 (∆uˆ)2 + (∆vˆ)2 vs β0t for D/β0 = 0.0, 0.01, and 0.10 . . . . . . . . . . 76
21 (∆uˆ)2 + (∆vˆ)2 vs β0t for no noise; IA/β0 = 0.5, Γ/β0 = 0.5;
IA/β0 = 0.5, Γ/β0 = 1.0. . . . . . . . . . . . . . . . . . . . . . . . . 78
1CHAPTER I
INTRODUCTION
When coherent electromagnetic fields interact with multi-level atomic systems, co-
herence between levels may be induced. This state of the atom is called atomic
coherence. A simple example of atomic coherence (see Fig. 1 for a better viewing)
would be a two-level atom with the ground state |b〉 and excited state |a〉. If the
atom is in a superposition state |φ〉 = cb|b〉 + ca|a〉 and cb, ca are non-zero complex
amplitudes, we then say that the atom has atomic coherence. This look-like simple
state is actually very counterintuitive to our classical common sense and cannot be
interpreted classically. Especially, we no longer say that the atom is in state ‘|b〉 or
|a〉’, instead we say that the atom is in state ‘|b〉 and |a〉’ simultaneously.
a
b
Fig. 1. Atomic coherence for a two-level atom
Atomic coherence has put a great impact on all areas of physics and is continu-
ously to be an attractive research area. For example, Scully et. al. showed that given
a small ammount of atomic coherence, one could extract work from a single heat
bath, although the deep physics behind the second law of thermodynamics is still
not violated [1]. Other novel phenomena induced by atomic coherence include corre-
 The journal model is Physical Review A.
2|a> |b>
|c>
Fig. 2. A Hanle effect CEL system
lated spontaneous emission lasers(CELs) [2, 3, 4, 5, 6, 7], refractive index enhance-
ment [8], coherent population trapping [9], electromagnetically induced transparency
(EIT) [10], lasing without inversion (LWI) [11, 12, 13], etc.
Take Hanle effect correlated emission laser (one type of CEL) as an example, It
consists of a laser medium with three-level atoms and a doubly resonant cavity (Fig.
2). The two upper levels of the three-level atoms are the ‘linear polarization’ states
formed from a single ‘elliptical polarization’ state. The two transitions |a〉 ↔ |c〉 and
|b〉 ↔ |c〉 drive the two cavity modes, which forms two quantum paths in this system.
When the upper level |a〉 and |b〉 are prepared in a coherent supperposition, these two
paths are strongly correlated so that the diffusion of the relative phase angle between
the two linearly polarized cavity modes caused by spontaneous fluctuations can be
highly suppressed. We will discuss CEL systems again in Chapter III.
Whatever happened to one particle would thus immediately affect the other
particle, wherever in the universe it may be. Einstein called this “Spooky
action at a distance.”
Amir D. Aczel, Entanglement, The Greatest Mystery In Physics
The most mysterous phenomenon in quantum mechanics is called entanglement.
The idea of quantum entanglement is first inferred by Einstein, Podolsky and Rosen
3(generally referred as EPR). In their famous 1935 paper [14] on the Physical Re-
view, EPR proposed a gedanken experiment which showed that both position and
momentum variables could be simultaneously assigned to a single localized particle
with certainty (physical reality) if two particles are initially prepared in the ideal
position and momentum correlated state (entangled state). By locality, EPR means
that a measurement performed on one of two systems which are spatially separated
and without interaction cannot disturb another one. EPR argued that if assuming
locality as a commonly accepted fact, their results violates the principle of quantum
mechanics that two physical quantities represented by two noncommutable operators
(for example, the position and momentum operators) can not simultaneously have the
same reality. They therefore argued that quantum mechanics was incomplete. Later
on, Shro¨dinger extended the work of EPR and give the name to “Entanglement”
[15]. Many works have been done following the line of EPR on quantum entangle-
ment. Bohm proposed a new and simpler version of EPR arguement for discrete
variables such as spins [16]. John Bell discovered his famous inequality, which can
be used to verify quantum mechanics or local version of hidden variable theories [17]
etc.. In combination of information theory with quantum mechanics, a new branch
of research what we now collectively called “Quantum Information Science” has been
borned; and quantum entanglement is a seed to this birth.
The generation of entangled states have been experimentally investigated in var-
ious systems from atoms, ions, photons and quadrature-phase amplitudes of the elec-
tromagnetic field. In 1997, Hagley et. al.[18] produced the atomic entangled state
in which two atoms are in two different circular Rydberg states and separated by a
distance of the order of 1 cm. Turchette et. al.[19] showed that the internal states
of two trapped ions can be prepared in both the Bell-like singlet and triplet entan-
gled states in a deterministic fashion. Along the lines of the proposal suggested by
4Molmer and Sorensen[20], Sackett[21] et. al. realized experimentally entangled states
of four trapped ions. Based on Duan et. al.’s proposal[22], Julsgaard et. al. [23]
demonstrated experimentally at the level of macroscopical entanglement between two
separate samples of atoms each of which contains 1012 atoms. As for the generation
of entangled states of photons, a great progress has been made in recent years. Using
a single circular Rydberg atom, Rauschenbeutel et. al.[24] prepared two modes of
a superconducting cavity in a maximally entangled state in which the two modes
share a single photon. In most EPR optical experiments, pairs of polarization pho-
tons flying apart can be created in an entangled state by either spontaneous emission
cascade in an atom[25, 26, 27], or down-conversion in a nonlinear medium[28, 29].
Entangled states of three[30], four[31] and five photons[32] have been realized. For
the purpose of application, an entangled state containing more photons become more
interesting. Tsujino et. al.[33] showed the experimental generation of two-photon-
polarization states by parametric down-conversion. Eisenberg et. al.[34] created a bi-
partite multiphoton entangled state through stimulated parametric down-conversion
of strong laser pulses in a nonlinear crystal. Quantum information processes based
on the entangled quadrature-phase amplitudes of the electromagnetic field show some
advantages and the generation of the entangled quadrature-phase amplitudes of an
optical field has attracted much attention[35] recently. In usual experiments, the
entangled quandrature-phase optical beams are generated by two vacuum squeezed
states via a beam splitter and are in a two-mode quadrature squeezed vacuum. In
a recent experiment, Zhang et. al.[36] showed that the bright entangled signal and
idler beams can be generated by a nondegenerate optical parametric amplifier.
Many algorithms and computation techniques in quantum information science
have been based on quantum entanglement. It is the basis for emerging technolo-
gies such as quantum computing [37],quantum superdense coding[38]and quantum
5cryptography [39]. It has also been used for experiments in quantum teleportation
[40, 41, 42]. Seeking for better entanglement sources has become an attractive goal
for quantum information scientists.
We have considered various of crucial points for entanglement generations. Prob-
lems such as entanglement measure, decoherence effects, entanglement generation
between thermal states and entanglement amplifiers etc. have been extensively stud-
ied in our research. This dissertation is a collective of serveral topics that we have
completed in our research.
6CHAPTER II
COHERENCE INDUCED ENTANGLEMENT
Atomic coherence and quantum entanglement are two different quantum concepts,
however, they are sometimes closely related. In this chapter, we show their relation
in an atom-field interaction system. But before that, I will deviate from our topic
a little bit and talk about a very interesting system, which shows that temperature
difference can produce entanglement between a two-level atom and a thermal field
with an arbitrarily high temperature.
A. Temperature difference induced entanglement
In practice, entanglement of pure states is hard to maintain and produce due to
the decoherence and other interactions with the environment. Thus, understanding
and quantifying entanglement of mixed states becomes more and more interesting in
recent researches [43, 44, 45, 46]. The most common mixed state may be a thermal
state which represents a system in contact with a large reservior with a specific
temperature. An interesting problem is then the creation of entanglement in thermal
states. In a recent paper, Bose and his colleagues have shown that entanglement
could be produced in the interaction of a two-level atom initially prepared in a pure
state with a thermal field with arbitrarily high temperature [47]. To fully understand
this problem, a general discussion when the atom and the field are both initially in
thermal states need to be addressed. We discuss this case in this section. We show
that the temperature difference between the atom and the field is a very crucial factor
and entanglement can be produced when the temperature difference is sufficiently
large no matter how high the temperature of the atom and the field is. It is known
in classical thermodynamics, temperature difference determines the heat exchange
7b
a
ν
b
a
Fig. 3. The Jaynes-Cummings interaction system
rate, this then hints a sufficiently large amount of heat exchange is necessary for the
creation of entanglement between a thermal atom and a thermal field. Generally,
entanglement cannot be produced when the atom and the field are intially in thermal
equilibrium. However, the thermal equilibrium can be deviated by applying a unitary
transformation on the atom and the creation of entanglement will very much depend
on the unitary transformation that we applied. This provides us a method by which
we can control the entanglement of the whole system.
1. The Jaynes-Cummings Model (JCM)
We start from the Jaynes-Cummings Model (JCM) of the atom-field interaction [48].
This model describes the interaction of a two-level atom and a near resonant quantized
8field as shown in Fig. 3. In the interaction picture and with the dipole and rotating
wave approximations, the Hamiltonian of this system is [48]
Hˆ = h¯g(|a〉〈b|aˆ+ |b〉〈a|aˆ†), (2.1)
where aˆ and aˆ† are the destruction and creation operators of the field and g is the
vacuum rabi frequency (We have assumed a resonant interaction here). The time
evolution operator is
Uˆ(t) =e−
i
h¯
Hˆt
=cos(
√
aˆaˆ†gt)|a〉〈a|+ cos(
√
aˆ†aˆgt)|b〉〈b|
− iaˆsin(
√
aˆ†aˆgt)√
aˆ†aˆ
|a〉〈b| − isin(
√
aˆ†aˆgt)√
aˆ†aˆ
aˆ†|b〉〈a|. (2.2)
Suppose that the atom-field combined system is initially in a separable state
ρˆaf (0) =
∞∑
n=0
Pn|n〉〈n| ⊗ (ρaa|a〉〈a|+ ρbb|b〉〈b|+ ρab|a〉〈b|+ ρba|b〉〈a|), (2.3)
where the field is assumed to be in a thermal state and the photon probability distri-
bution Pn for number states |n〉 is given by
Pn =
〈n〉n
(1 + 〈n〉)n+1 , (2.4)
with 〈n〉 = (eh¯ν/kBTf − 1)−1. Here, ν is the frequency of the field (for a resonant
interaction ν = ωab), kB is the Boltzman constant and Tf is the temperature of the
field. By applying the time evolution operator (2.2) on the initial state (2.3), we
obtain
ρˆaf (t) = Uˆ(t)ρˆaf (0)Uˆ
†(t) =
∞∑
n=0
Pnρˆ
n
af (t) (2.5)
9where,
ρˆnaf (t) = ρaa[C
2
n+1|n, a〉〈n, a|+ S2n+1|n+ 1, b〉〈n+ 1, b|
+ iSn+1Cn+1(|n, a〉〈n+ 1, b| − |n+ 1, b〉〈n, a|)]
+ ρbb[C
2
n|n, b〉〈n, b|+ S2n|n− 1, a〉〈n− 1, a|
− iSnCn(|n− 1, a〉〈n, b| − |n, b〉〈n− 1, a|)]
+ ρba[CnCn+1|n, b〉〈n, a| + SnSn+1|n− 1, a〉〈n+ 1, b|
− iSnCn+1|n− 1, a〉〈n, a| + iSn+1Cn|n, b〉〈n+ 1, b|]
+ ρab[CnCn+1|n, a〉〈n, b| + SnSn+1|n+ 1, b〉〈n− 1, a|
− iSn+1Cn|n+ 1, b〉〈n, b| + iSnCn+1|n, a〉〈n− 1, a|], (2.6)
with Cn = cos(
√
ngt) and Sn = sin(
√
ngt). This is the time evolution of the density
operator of the atom-thermal field system.
2. Entanglement criterion
We use a sufficient entanglement criterion proposed by Peres et. al. [49] to estimate
the entanglement between the atom and the field. It says that for a bipartite system
if the partial transposed density matrix of a state has negative eigenvalues the state
is entangled. This criterion has been proved to be a necessary and sufficient condition
for 2x2 and 2x3 systems and Gaussian continuous variable states [50, 51]. However,
we note that the state (2.5) is a infinite dimensional matrix. It is difficult if not
impossible to calculate the eigenvalues for such matrices. To overcome this, we can
first project the state (2.5) onto a subspace equivalent to a 2x2 system. For example,
we can define the projection operators Wˆn(n = 0, 2, 4, ...) which locally project the
field state into a subspace spanned by |n〉 and |n+ 1〉 as
Wˆn = |n〉〈n|+ |n+ 1〉〈n+ 1|. (2.7)
10
If one of them (for a specific n) is applied on the state (2.5), the outcome will be
(ρˆaf )n = (I ⊗ Wˆn)ρˆaf (t)(I ⊗ Wˆn)
=

ρb,n;b,n ρb,n;b,n+1 ρb,n;a,n 0
ρb,n+1;b,n ρb,n+1;b,n+1 ρb,n+1;a,n ρb,n+1;a,n+1
ρa,n;b,n ρa,n;b,n+1 ρa,n;a,n ρa,n;a,n+1
0 ρa,n+1;b,n+1 ρa,n+1;a,n ρa,n+1;a,n+1
 ,
where I is the identity operator on the atom subspace and these matrix elements are
ρb,n;b,n =PnρbbC
2
n + Pn−1ρaaS
2
n
ρa,n;a,n =PnρaaC
2
n+1 + Pn+1ρbbS
2
n+1
(ρb,n+1;a,n)
∗ =ρa,n;b,n+1 = i(Pnρaa − Pn+1ρbb)Sn+1Cn+1
(ρb,n+1;b,n)
∗ =ρb,n;b,n+1 = iPnρbaSn+1Cn
(ρa,n;b,n)
∗ =ρb,n;a,n = PnρbaCnCn+1
(ρa,n+1;a,n)
∗ =ρa,n;a,n+1 = −iPn+1ρbaSn+1Cn+2. (2.8)
This is a local operation which means it only operates on the field state. Note that
no local operations can give an entangled outcome from a separable state. Due to
this fact, we can use the Peres’ criterion to check the entanglement of (ρˆaf )n and we
have if (ρˆaf )n is entangled, the original state (2.5) is also entangled. Furthermore, we
note that we cannot specify n if we actually do the projection. We have to sum over
all outcomes weighted by the probability to get this outcome for all n’s. Therefore,
it is better to use the following quantity to estimate the entanglement:
E(ρaf (t)) = −2
∞∑
n=0,2,4...
pnλ
−
n , (2.9)
where λ−n is the negative eigenvalue (if no negative eigenvalue, then λ
−
n = 0) of the
partial transposed matrix of ρnaf . pn is the probability of obtaining ρ
n
af when we do
the projection. This is actually the weighted average of entanglement of ρnaf over all
11
possible values of n. If E(ρaf (t)) is positive then the state ρaf (t) is entangled.
3. Temperature difference as an important role in entanglement creation
Let’s now estimate the entanglement of state (2.5). We first consider the case when
there is no atomic coherence, that is ρab = ρba = 0. For this case, the initial separable
state is
ρˆaf (0) =
∞∑
n=0
Pn|n〉〈n| ⊗ (ρaa|a〉〈a|+ ρbb|b〉〈b|). (2.10)
With the absence of the atomic coherence, we can define the temperature of the atom
as eh¯ωab/kBTa = ρbb/ρaa, where Ta is the temperature of the atom. When the atom
and the field are initially in thermal equilibrium, that is Ta = Tf , we have [52]
ρ0aa
ρ0bb
=
Pn+1
Pn
. (2.11)
By putting (2.11) into equation (2.5) and (2.6) and set the atomic coherence to be
zero, we can verify
ρˆaf (t) = ρˆaf (0). (2.12)
This means the state will be separable for all the time, thus, no entanglement will be
produced. Generally, ρˆaf (t) 6= ρˆaf (0), we need to use the Peres’ criterion to estimate
the entanglement. We follow the procedure we discussed in section (2). Actually we
just need to set the atomic coherence related matrix elements in eqn. (2.8) all to be
zero. We then have
(ρˆaf )n =

ρb,n;b,n 0 0 0
0 ρb,n+1;b,n+1 ρb,n+1;a,n 0
0 ρa,n;b,n+1 ρa,n;a,n 0
0 0 0 ρa,n+1;a,n+1
 . (2.13)
Now, if we partially transpose (ρˆaf )n and try to calculate its eigenvalues, we can find
the only possible negative eigenvalue will be
λn =
ηn −
√
η2n − 4ξn
2
, (2.14)
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where
ηn = ρb,n;b,n + ρa,n+1;a,n+1
ξn = ρb,n;b,nρa,n+1;a,n+1 − |ρa,n;b,n+1|2. (2.15)
Whenever ξn is negative, λn will also be negative, thus (ρˆaf )n as well as ρˆaf (t) will be
entangled. The inequality ξn < 0 can be rewritten as
anx
2 + bnx + cn > 0, (2.16)
where
an = S
2
n+1C
2
n+1 − C2nS2n+2,
bn = −(C2nC2n+2 + S2nS2n+2 + 2S2n+1C2n+1),
cn = (S
2
n+1C
2
n+1 − S2nC2n+2),
x =
〈n〉
1 + 〈n〉
ρ0bb
ρ0aa
= e−(γa−γf ), (2.17)
and γ = −h¯ν/kBT is the dimentionless temperature we define for convenience. Here
we have explicitly put in the expressions for those matrix elements which have been
shown in eqn. (2.8).
Just for an examination, we again consider the case when the system is in thermal
equilibrium. In this case, γa = γf(Ta = Tf ) and we have x = 1. Put this back into
(2.16), the left hand side becomes an + bn + cn which can be verified to be -1, the
inequality never holds no matter what values of n and time t we choose. This means
no entanglement can be detected all the time. This is consistent with the result we
obtained by direct calculation.
The case when the atom is initially in its excited state |a〉 corresponds to γa =
+∞(Ta = 0−). By noticing physically γf can only be in (−∞, 0] (that is Tf ∈
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[0,+∞)), we always have the temperature difference γa − γf = +∞ and thus x = 0.
Inequality (2.16) then becomes cn = S
2
n+1C
2
n+1 − S2nC2n+2 > 0. This case has been
discussed by S. Bose et. al. [47] in a great detail. We notice that no matter what
temperature the thermal field has, due to the oscillation of cn and the change of
period of cn with respect to n, for an arbitrary time t (t 6= 0) , we can always find an
n which makes the inequality (2.16) holds. This means there is entanglement at all
instants of time t except for t = 0 for an arbitrarily high-temperture thermal field.
Another interesting case would be when the atom is initially in its ground state
(that is, γa = −∞(Ta = 0+)) and the field has an infinite high temperature (that
is, γf = 0(Tf = +∞)). In this case, the temperature difference between the atom
and the field will be γa − γf = −∞ and x = +∞, the inequality becomes an =
S2n+1C
2
n+1 − C2nS2n+2 > 0. The same kind of argument for the previous case can then
be applied to conclude that entanglement exists for all instants of time t except for
t = 0.
So far we have discussed the entanglement of the atom-field system under some
extreme conditions. From these discussions, we may guess that the temperature
difference between the atom and the field may play an important role to determine
the creation of entanglement for our atom-field system. Let’s now discuss the general
case to see this issue more clearly. As a matter of fact, one can easily verify that
the discriminant of inequality (2.16) ∆n = b
2
n − 4ancn is always positive for any n
and time t. We show solutions of (2.16) in table (I). In table (I), all right hand side
of inequalities in the third row must be positive, otherwise γa − γf = 0 thus x = 1
would be a suitable solution of inequality (2.16) which will conflict with our previous
results. From table (I), we can see for a given time t we can always find the lower
critical points for γa− γf and γf − γa, when the temparture difference, either γa− γf
or γf − γa, is bigger than its corresponding critical point, inequality (2.16) will hold
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Table I. Solutions of inequality (2.16)
an > 0 an < 0 an = 0
x < −bn−
√
∆n
2an
or x >
−bn+
√
∆n
2an
x < −bn−
√
∆n
2an
x > − cn
bn
γa − γf > − ln(−bn−
√
∆n
2an
) or
γf − γa > ln(−bn+
√
∆n
2an
)
γa − γf >
− ln(−bn−
√
∆n
2an
)
γf − γa > ln(− cnbn )
for a specific value of n, the system is thus in an entangled state. We can then argue
that whether or not we have entanglement will depend on the temperature difference
between the atom and the field rather than the absolute values of the temperatures.
It is hard to calculate those critical points analytically since we must compare the
results for all values of n. Nevertheless, we can still do numerical calculations to show
this behavior.
Fig. 4 shows our numberical results of E(ρaf (t)) for different temperature of
atom, where we have fixed the dimentionless temperature of the field as γf = −0.01
which corresponds to the average photon number of the field 〈n〉 = 100. Note here,
we have used the weighted entanglement measure we defined in (2.9) to estimate
the entanglement. This figure clearly shows that a sufficiently large temperature
difference is the main factor to determine whether or not entanglement can be created
in an atom-field interaction system.
4. Control of entanglement creation
We know no entanglment can be produced if the atom and the field are in thermal
equilibrium. A question is “is there anyway we can make the system deviate from
the thermal equilibrium and create entanglement?” Actually, this can be easily done.
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Fig. 4. Entanglement dependance on time for different temperature of atoms.
γf = −0.01 and 〈n〉 = 100 for the thermal field
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We can just simply let the atom pass through a strong classical field, we know the
population distribution of the atom can be dramatically changed by the interaction
with the classical field. Although this will accompanied by the production of atomic
coherence, we can still only concentrate on the population distribution and define
the phenomenal dimentionless temperature as before, ρbb/ρaa = e
−γa , where γa is
the dimentionless temperature. By choosing different interaction time, we can get
different γa’s. The atom then can interact with the quantized field and produce
entanglement. Fig (5) showes the numerically result of the entanglement creation of
the quantized system with respect to different passage time of the classical system. We
can see that entanglement occilates with respect to the passage time, when gτ = pi/2
(τ is the passage time, this corresponds to a pi pulse), the population is maximumly
inversed and entanglement reaches a maximum. By using this strategy we may control
the creation of entanglement of the system.
So far, we have discussed the creation of entanglement between a two-level atom
and a thermal field in this section. We show that the temperature difference rather
than the temperatures themselves of the atom-field system act an important role in
this creation. We also show that the entanglement can be controlled by interacting
the atom with a strong classical field. This will give us flexibility for different usage
of this system.
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Fig. 5. Entanglement dependance on the passage time of the atom through the classical
field, Ωτ = pi/2.0, (a)〈n〉 = 0.3; (b)〈n〉 = 0.5
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B. Coherence induced entanglement∗
† In this section, we discuss a very important system where atomic coherence plays
a crucial role in creating entanglement between two modes of the electromagnetic
field inside a doubly resonant cavity at temperature T. The two modes of the field
are coupled to two transitions of a three-level atom in “V” configuration. The two
important concepts, entanglement and atomic coherence, are shown to be closely
related.
In earlier studies on the interaction of thermal fields with the atomic systems,
it has been shown that atom-field [47] and atom-atom [53] entanglement can be
generated in such systems. In these studies, at least, one subsystem is initially in a
pure state. The entanglement appears only when the atom and the field are not in
thermal equilibrium. Here we show that atomic coherence is the unique resource of
creating entanglement between two cavity modes in thermal state even at arbitrarily
high temperature.
1. System description and the Hamiltonian
The model under consideration is shown in Fig. 6. We consider the interaction of an
atom in the V configuration with the fields inside a cavity at temperature T . Here
we assume that the transitions between the upper levels |a〉 and |b〉 to the ground
state |c〉 are dipole allowed and these transitions are coupled resonantly with the
∗Reprinted with permission from Fuli Li, Han Xiong and M. Suhail Zubairy, Phys.
Rev. A 72, 010303, (2005). Copyright (2005) by the American Physical Society.
†Readers may view, browse, and/or download material for temporary copying pur-
poses only, provided these uses are for noncommercial personal purposes. Except as
provided by law, this material may not be further reproduced, distributed, transmit-
ted, modified, adapted, performed, displayed, published, or sold in whole or part,
without prior written permission from the publisher.
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b
Fig. 6. A three-level atom in “V” configuration with initial populations ρaa, ρbb, ρcc is
prepared in a superpostion of upper level |a〉 and |b〉 by a resonant classical
field. The atom then passes through a doubly resonant cavity which is resonant
with |a〉 − |c〉 and |b〉 − |c〉 transitions. The fields inside the cavity are initially
diagonal, such as a thermal state.
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modes inside the cavity. The transition between the upper levels |a〉 and |b〉 is dipole
forbidden, while the coherence between level |a〉 and level |b〉 could be created by
applying a classical magnetic field between these two levels. The interaction picture
Hamitonian of the system is given by
Hˆ = h¯g1(|a〉〈c|aˆ1 + |c〉〈a|aˆ†1) + h¯g2(|b〉〈c|aˆ2 + |c〉〈b|aˆ†2), (2.18)
where aˆ1(aˆ
†
1) and aˆ2(aˆ
†
2) are the annihilation (creation) operators for the two cavity
modes and g1,2 are coupling constants of the atom with the fields.
2. Entanglement generation via atomic coherence
We consider the initial states of the cavity fields to be diagonal in the Fock-state
representation and the atom to be prepared in a coherent superposition of the upper
levels by a classical field of frequency ωab as shown in Fig. 6. The initial state of the
atom-field system is written as
ρˆaf (0) =
∞∑
n1=0
Pn1|n1〉〈n1| ⊗
∞∑
n2=0
Pn2 |n2〉〈n2|
⊗(ρaa|a〉〈a|+ ρbb|b〉〈b|+ ρcc|c〉〈c|+ ρab|a〉〈b|+ ρba|b〉〈a|),
(2.19)
where Pn1,2 are the probabilities for having photon number states |n1,2〉. An example
of fields with vanishing off-diagonal matrix elements in the Fock-state representation
is a thermal state, which has Pn1,2 =
〈n1,2〉n1,2
(1+〈n1,2〉)n1,2+1 . Here 〈n1,2〉 = (e
h¯ν1,2β − 1)−1
are the mean photon number of the fields at temperature T with ν1,2 being the field
frequencies, and β−1 = kBT with kB being the Boltzmann constant.
The density matrix operator at time t is given by ρˆaf (t) = Uˆ(t)ρˆaf (0)Uˆ
†(t) where
Uˆ(t) = exp(−iHˆt/h¯) is the time evolution operator. It follows, on taking a trace over
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the atomic variables, that the reduced density matrix operator for the fields is given
by
ρˆf(t) =
∞∑
n1=0
∞∑
n2=0
ρn1,n2;n1,n2|n1, n2〉〈n1, n2|
+ρab
∞∑
n1=0
∞∑
n2=0
ρn1+1,n2;n1,n2+1|n1 + 1, n2〉〈n1, n2 + 1|
+ρba
∞∑
n1=0
∞∑
n2=0
ρn1,n2+1;n1+1,n2|n1, n2 + 1〉〈n1 + 1, n2|,
(2.20)
22
where the matrix elements are given by
ρn1,n2;n1,n2 = Pn1Pn2
{ρaa[1− g21(n1 + 1)An1+1,n2(1− Cn1+1,n2)]2
+ρbb[1− g22(n2 + 1)An1,n2+1(1− Cn1,n2+1)]2}
+g21g
2
2{ρaaPn1−1Pn2+1n1(n2 + 1)
×A2n1,n2+1(1− Cn1,n2+1)2
+ρbbPn1+1Pn2−1n2(n1 + 1)A
2
n1+1,n2(1− Cn1+1,n2)2}
+{ρaaPn1−1Pn2g21n1 + ρbbPn1Pn2−1g22n2}An1,n2S2n1,n2
+ρcc{Pn1Pn2C2n1,n2
+Pn1+1Pn2g
2
1(n1 + 1)An1+1,n2S
2
n1+1,n2
+Pn1Pn2+1g
2
2(n2 + 1)An1,n2+2S
2
n1,n2+1
}, (2.21)
ρn1+1,n2;n1,n2+1 = −g1g2
√
(n1 + 1)(n2 + 1)
×{An1+1,n2+1(1− Cn1+1,n2+1)
×(Pn1+1Pn2[1− g21(n1 + 2)An1+2,n2(1− Cn1+2,n2)]
+Pn1Pn2+1[1− g22(n2 + 2)An1,n2+2(1− Cn1,n2+2)])
−Pn1Pn2
√
An1+1,n2An1,n2+1Sn1+1,n2Sn1,n2+1}, (2.22)
ρn1,n2+1;n1+1,n2 = (ρn1+1,n2;n1,n2+1)
∗, (2.23)
with An1,n2 = (g
2
1n1+g
2
2n2)
−1, Sn1,n2 = sin(
√
g21n1 + g
2
2n2t) and Cn1,n2 = cos(
√
g21n1 + g
2
2n2t).
We first discuss the case where initially there is no atomic coherence, i.e., ρab =
ρba = 0. It is clear from Eq. (2.20) that, under this condition, the fields are definitely
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in a separable state:
ρˆf (t) =
∞∑
n1=0
∞∑
n2=0
ρn1,n2;n1,n2 |n1, n2〉〈n1, n2|. (2.24)
In this case, the fields may still have classical statistical correlation if ρn1,n2;n1,n2 can
not be decomposed into a direct product of the form ρn1,n1 ⊗ ρn2,n2. As a special
case, we consider the situation where the atom and the fields are initially in thermal
equilibrium. In this case, the level populations of the atom are determined by the
relations ρaa
ρcc
= 〈n1〉〈n1〉+1 ,
ρbb
ρcc
= 〈n2〉〈n2〉+1 . It follows, on substituting these relations in
Eq. (2.21), that state (2.24) becomes
ρf =
∞∑
n1=0
Pn1 |n1〉〈n1| ⊗
∞∑
n2=0
Pn2|n2〉〈n2|, (2.25)
i.e., we have neither entanglement nor classical correlation between the fields as the
two fields are completely separable.
So how do we entangle the thermal fields? We show that this can be accomplished
via atomic coherence.
In Eqs. (2.21), the term proportional to the population of the level |c〉 results
from one-photon absorption processes. The photon absorption processes lead to the
classical correlation between the fields and have no contribution to the entanglement.
Therefore, in order to create strong entanglement, the population of the level |c〉
should be reduced. In Eq. (2.22), the terms related to Pn1+1Pn2 and Pn1Pn2+1 in-
volve the processes in which one mode photon is emitted and another mode photon
is absorbed, and the term proportional to Pn1Pn2 comes from the photon emission
processes of the upper levels. If the atomic coherence exists, these terms contribute
to the off-diagonal matrix elements. Without the off-diagonal correlation contribu-
tion given in Eqs. (2.22) and (2.23), the fields have no entanglement. However, the
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existence of the off-diagonal correlation can not guarantee entanglement. Thus, we
need to find a condition for the existence of entanglement between the fields in the
state (2.20).
State (2.20) is defined in an infinite dimensional Hilbert space. In general, it is
very difficult to measure the entanglement in such systems [47] [53]. However, we can
apply the same trick as we have used in section (A). We recall that entanglement
can not be generated through local transformations. To estimate the entanglement
of (2.20), we consider the local projection operators Aˆn1 = |n1〉〈n1|+ |n1 +1〉〈n1 + 1|
and Bˆn2 = |n2〉〈n2| + |n2 + 1〉〈n2 + 1| with n1,2 = 0, 2, 4, · · · . If the fields are in
a separable state
∑
i piρ
(1)
i ⊗ ρ(2)i , the projected state Aˆn1Bˆn2
∑
i piρ
(1)
i ⊗ ρ(2)i Bˆ†n2Aˆ†n1
is still separable. Then we can claim the existence of entanglement in (2.20) if the
entanglement exists in the projected state.
The projection of (2.20) on the subspace spanned by basis vectors (|n1〉, |n1 +
1〉)⊗ (|n2〉, |n2 + 1〉) with fixed photon numbers n1,2(= 0, 2, 4, ...) leads to the state
[ρˆf (t)]n1,n2 = Aˆn1Bˆn2ρˆf (t)Bˆ
†
n2
Aˆ†n1 . (2.26)
In the subspace under consideration, the projected density matrix operator (2.26)
becomes a 4×4 hermitian matrix. Now we can apply the Peres-Horodecki sufficiency
condition [49, 50] for the inseparability of density matrices of a two-party quantum
system.
The partial transposition of the density matrix (2.26) has a negative eigenvalue
if the condition
|ρab|2 > Rn1,n2 =
ρn1,n2;n1,n2ρn1+1,n2+1;n1+1,n2+1
|ρn1+1,n2;n1,n2+1|2
(2.27)
is satisfied. According to the Peres-Horodecki condition, we can claim that state (2.20)
is an entangled sate if the condition (2.27) is satisfied. This kind of methodology to
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dectect the entanglement of an infinite dimentional mixed state for a bipartite system
was first discussed and used in reference [47].
Experimentally, the verification of inequality (2.27) requires the full knowledge
of the state. Several schemes have been proposed to reconstruct a two-mode state in
a high-Q cavity recently [54]. For example, one can look at the spontaeous emission
spectrum in a driven four-level atomic system passing through the cavity to recover
the Wigner function of the two-mode field [55]. Once the Wigner function is known,
the right hand side of (2.27) can be calculated in a straightforward manner.
It follows from Eqs. (2.21) and (2.22) that R0,0 = 0 when 〈n1〉 and 〈n2〉 approach
zero. Thus, for this case, arbitrarily small but nonzero atomic coherence can induce
entanglement between the two modes. For a general case, Rn1,n2 is always larger than
zero. Therefore there is the minimum atomic coherence beyond which the entangle-
ment can appear. The right side of (2.27) depends on the level populations which
satisfy the physical restriction with respect to the atomic coherence: ρaaρbb ≥ |ρab|2.
In order to conveniently control the populations and atomic coherence at the same
time, we consider the atom whose level populations initially are ρii(0) (i = a, b, c)
and off diagonal matrix elements ρij = 0 for i 6= j. A coherence between the excited
states a and b is created when the atom interacts resonantly with a classical magnetic
field (since this transition is dipole forbidden) of frequency ωab for a time τ . After
the interaction with the classical field, the poulations and the atomic coherence are
given by [56]
ρaa = ρaa(0) cos
2(Ωτ) + ρbb(0) sin
2(Ωτ), (2.28)
ρbb = ρaa(0) sin
2(Ωτ) + ρbb(0) cos
2(Ωτ),
ρab = (ρba)
∗ = ieiθ(ρaa(0)− ρbb(0)) sin(Ωτ) cos(Ωτ),
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where Ω is the Rabi frequency and θ is the phase of the driving field. All the other
density matrix elements remain unchanged. In this way, we can unitarily and con-
tinuously control the level populations and atomic coherence by use of the single
parameter Ωτ . After passing through the classical field, the atom acquires a coher-
ence. When this atom passes through the cavity with two thermal fields, the state of
the fields is described by the density matrix (2.20). The entanglement of the resulting
state of the field is determined by the condition (2.27).
In Fig. 7, the right side of (2.27) with n1 = n2 = 0 and the squared modulus
of the atomic coherence (2.28) are shown as a function of Ωτ when the atom and
the fields are initially in thermal equilibrium. In the present calculation, we take
g1 = g2 = g. We also find that, as a function of n1 and n2, the right side of the
inquality (2.27) takes the minimal value with n1 = n2 = 0. From Fig. 7, it can
be noticed that the entanglement condition (2.27) can be satisfied if the difference
between the mean thermal photon numbers of the two fields is sufficiently large. This
situation may not easily realizable because it requires a large frequency difference
between the two upper levels.
Eq.(2.28) shows that the atomic coherence is proportional to the population
inversion of the upper levels. On the other hand, the numerator of the right side
of the condition (2.27) decreases if the level populations ρaa, ρbb or ρcc are small.
Therefore, the best initial condition of the atom for satisfying the condition (2.27)
is that the atom is in one of the upper levels. For this case, Fig. 8 shows that
the entanglement condition (2.27) can be satisfied even if the temperature becomes
arbitrarily high.
As discussed earlier, the Hilbert space for the complete system is infinite dimen-
sional, i.e., the dimension of the density matrix (2.20) is infinite. We can therefore
obtain an infinite number of the projected 4× 4 hermitian matrices (2.26) with dif-
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Fig. 7. The solid lines are for the case with 〈n1〉 = 0.1 and 〈n2〉 = 5.0. The dashed
lines are for the case with 〈n1〉 = 0.1 and 〈n2〉 = 1.0. gt=11.0.
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Fig. 8. The solid lines are for the case with 〈n1〉 = 〈n2〉 = 1.0. The dashed line is for
the case with T →∞. gt=5.0 and ρaa = 1.
29
ferent photon numbers n1 and n2 by projecting the density matrix (2.20) into the
subspaces. We can then use the quantity [57]
〈E〉 = −2
∞∑
n1,n2=0,2,4,···
pn1,n2λn1,n2 (2.29)
to measure the entanglement of (2.20), where λn1,n2 is the negative eigenvalue of the
partial transposed density matrix of (2.26) and pn1,n2 = ρn1,n2;n1,n2 + ρn1+1,n2;n1,n2 +
ρn1,n2+1;n1,n2 + ρn1+1,n2+1;n1+1,n2+1 is the probability of taking the 4× 4 matrix (2.26)
out of the matrix (2.20). If 〈E〉 = 0, it does not mean non entanglement. If 〈E〉 6= 0,
however, we can ensure that the infinite dimensional density matrix (2.20) must be
an entangled state. In Fig. 9, the time evolution of the entanglement (2.29) is shown
when the atom and the fields are initially in thermal equilibrium. It is seen that for
this case the weak entanglement is detected at several time points. As pointed out
earlier, the atomic coherence will become stronger when the atom is initially in one of
the upper level. Therefore, we may expect that in this case the stronger entanglement
will be detected. Fig. 10 shows the time evolution of the entanglement (2.29) when
the atom is initially in the level |a〉.
In conclusion we have shown that, no matter how high the temperature is, and
the atom and the fields are initially in either thermal nonequilibrium or equilibrium,
two thermal field modes in a cavity can be entangled by a single three-level atom
of the V-configuration when the coherence between two upper levels is beyond a
critical value. The present result reveals a relation between entanglement and atomic
coherence.
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Fig. 9. The time evolution of the entanglement measurement with 〈n1〉 = 0.1,
〈n2〉 = 5.0, and Ωτ = pi/4.
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Fig. 10. The time evolution of the entanglement measurement with 〈n1〉 = 1.0,
〈n2〉 = 1.0, and Ωτ = pi/4 and ρaa = 1.
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CHAPTER III
CORRELATED SPONTANEOUS EMISSION LASER AS ENTANGLEMENT
SOURCES
In the previous section, we have seen that atomic coherence is necessary to produce
entanglement between two field modes. So far our discussion is limited to the micro-
scopic level, that is we only consider systems, which have only one atom inside the
cavity. What about systems involving large number of atoms such as a laser system
or a micromaser system? We ask ourselves especially with the following question:
“Can we have two laser beams which are entangled to each other?”
We recall that we have encountered CEL systems in the introduction section.
These systems have first been proposed to reduce the relative phase diffusion in
laser systems. We now claim that they can also be used to provide macroscopically
entangled laser beams. In the introduction section, we have assumed CEL systems
with the injection of atomic coherence. That is, atoms are initially prepared to have
atomic coherence and then injected into the cavity. Actually, atomic coherence can
also be created by coherent pumping. We will see that this coherent pumping process
is in fact very crucial to our entanglement generation and amplification.
A. Correlated spontaneous emission laser as an entanglement amplifier∗
In order to see clearly how a CEL can lead to an entangled state, we first recall
that, in a quantum beat laser [3] or a Hanle-effect laser [4], a beam of three-level
atoms in the “V” configuration interacts with two modes of the field. The upper
∗Reprinted with permission from Han Xiong, Marlan O. Scully and M. Suhail
Zubairy Phys. Rev. Lett. Vol. 94, 023601(2005). Copyright (2005) by the American
Physical Society.
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levels |a〉 and |b〉 are initially prepared in a coherent superposition or are driven by
a coherent field. We consider the simple case when an atom is in a superposition of
upper states and there are no photons in the modes associated with the |a〉 → |c〉
and the |b〉 → |c〉 transitions, i.e., the initial state of the atom-field system is (|a〉 +
|b〉)/√2⊗|0, 0〉. An atomic transition to the lower level |c〉 leads to the entangled state
(|1, 0〉+|0, 1〉)/√2 of the field modes. It is thus clear that an amplified entangled state
will be generated in a correlated emission laser. In this section we discuss different
atomic configurations, such as a three-level atomic system in a cascade configuration
or Raman configuaration. For cascade atoms, the upper and lower levels are prepared
in a coherent superposition and the photons are emitted in cascade transitions [6, 58].
1. System description and the Hamiltonian
We consider a system in which atoms interact with two modes of the field inside a
doubly resonant cavity (Fig. 11a). We first consider three-level atoms in a cascade
configuration (Fig. 11b). The dipole allowed transitions |a〉 − |b〉 and |b〉 − |c〉 are
resonantly coupled with the two non-degenerate modes ν1 and ν2 of the cavity, while
the dipole forbidden transition |a〉−|c〉 is induced by a semiclassical field (for example,
by applying a strong magnetic field for a magnetic dipole allowed transition). We
denote the Rabi frequency of this field by Ωe−iφ. The interaction Hamiltonian (in the
rotating-wave-approximation) for this system is given by
HI = h¯g1(a1|a〉〈b|+ a†1|b〉〈a|)
+ h¯g2(a2|b〉〈c|+ a†2|c〉〈b|)
− 1
2
h¯Ω(e−iφ|a〉〈c|+ eiφ|c〉〈a|), (3.1)
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Fig. 11. (a) Schematics for the entanglement amplifier. Atomic medium is placed
inside a doubly resonant cavity. (b) A three-level atomic system in a cascade
configuration. The transitions between levels |a〉 − |b〉 and levels |b〉 − |c〉 at
frequencies ν1 and ν2 are resonant with the cavity. The transition |a〉 − |c〉 is
dipole forbidden and can be induced by strong magnetic fields. (c) A Raman
three-level atomic system where the fields of frequencies ν3 and ν4 are strong
classical driving fields and the the fields at frequencies ν1 and ν2 are resonant
with the cavity modes.
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where a1(a
†
1) and a2(a
†
2) are the annihilation (creation) operators of the two nondegen-
erate modes of the cavities and g1 and g2 are the associated vacuum Rabi frequencies.
A cascade system may be hard to implement experimentally as the transition
between the states |a〉 and |c〉 in Fig. 11b is dipole forbidden. A more convenient
system is depicted in Fig. 11c. Here atomic levels |a〉, |b〉, and |c〉 are coupled by
four fields. The fields at frequencies ν1, ν2 are resonant with the cavity modes and
the fields of frequencies ν3 and ν4 with Rabi frequencies Ω3 and Ω4, respectively, are
classical driving fields. The classical field Ω3 is resonant with the |a〉 − |c〉 transition
whereas the field Ω4 is detuned from the |a〉−|c〉 transition by an amount ∆. Similarly
the quantized field at the frequency ν1 is assumed to be resonant with the |a〉 − |b〉
transition and the field at frequency ν2 is detuned from the |a〉−|c〉 by ∆. This system
has recently been demonstrated experimentally and shows promise in applications to
quantum memory in atomic systems [59, 60]. The Hamiltonian of this system in the
interaction picture is:
HI = − h¯
2
Ω3e
−iφ3 |a〉〈c| − h¯
2
Ω4e
−iφ4ei∆t|a〉〈b|
+ h¯g
′
1a1|a〉〈b|+ h¯g
′
2a2e
i∆t|a〉〈c|+H.c. (3.2)
When the detuning ∆ is sufficiently large, the Anti-Stocks Raman transition
|b〉− |a〉− |c〉 can be effectively estimated as a single transition between levels |b〉 and
|c〉, and the effective Hamiltonian of the whole system can be written as
Heff = − h¯
2
Ω3e
−iφ3 |a〉〈c|+ h¯g ′1a1|a〉〈b|
+ h¯
g
′
2Ω4
2∆
eiφ4a2|b〉〈c|+H.c. (3.3)
Equation (3.3) is of the same form as the Hamiltonian (3.1) for the cascade system.
It is therefore clear that the atomic system of the form given in Fig. 11c can be used
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to implement a correlated emission laser [6, 58] and a noise-free amplifier [61]. Here
we discuss its application as an entanglement amplifier.
2. Master equation
The master equation of the system in the configuration of Fig. 11b can be obtained
from the Hamiltonian (3.1)by using the standard methods of laser theory. We consider
only the linear theory. That is, we keep the interaction between the two quantized
modes and the atoms only to its first order (the first order for probability amplitude
thus the second order for the density matrix), while we treat the coherent pumping
process exactly. This approximation is true if the classical pumping field is sufficiently
strong and the atom-field couplings are not so strong.
The derivation of the master equation of this system is following. By tracing
over the atomic states, we obtain the reduced density matrix for the field, ρF satisfy
the following equation:
ρ˙F = Tratom(ρ˙) = − i
h¯
T ratom[HI , ρ]
= − i
h¯
{[Vabρba + Vbaρab + Vbcρcb + Vcbρbc]
− [ρbaVab + ρabVba + ρcbVbc + ρbcVcb]}, (3.4)
where
Vab = h¯g1a1; Vba = V
†
ab = h¯g1a
†
1;
Vbc = h¯g2a2; Vcb = V
†
bc = h¯g2a
†
2, (3.5)
and
ρij ≡ 〈i|ρ|j〉, i, j = a, b, c. (3.6)
The classical driving terms didn’t show up due to cancellations. The matrix elements
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ρab and ρcb can be obtained by solving the following matrix equations,
R˙ = −MR − iA, (3.7)
where
R =
ρab
ρcb
 ,M =
 γ − i2Ωe−iφ
− i
2
Ωeiφ γ
 (3.8)
and
A =
g1a1ρbb − g1ρaaa1 − g2ρaca†2
g2a
†
2ρbb − g2ρcca†2 − g1ρcaa1
 . (3.9)
Note that, we have included atomic decays here. From now on, we assume all the
atomic decay rates are γ for simplicity. One can also think about a micromaser system
and 1/γ is the average passage time of one single atom. We now determine ρaa, ρbb,
ρcc and ρac to zeroth order of g1 and g2. By setting g1 = g2 = 0 and assuming atoms
are injected in the cavity in the lower level |c〉 at a rate ra. We have ρbb(t) = 0 and
ρaa, ρcc and ρac satisfy the following matrix equation
˙˜R = −M˜R˜ + B˜, (3.10)
where
R˜ =

ρaa
ρac
ρca
ρcc

, M˜ =

γ i
2
Ωeiφ − i
2
Ωe−iφ 0
i
2
Ωe−iφ γ 0 − i
2
Ωe−iφ
− i
2
Ωeiφ 0 γ i
2
Ωeiφ
0 − i
2
Ωeiφ i
2
Ωe−iφ γ

, (3.11)
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and
B˜ = raρ

0
0
0
1

, (3.12)
which is the atomic injection term.
equation (3.10) can be solved exactly, and we obtain
R˜(t) =
∫ t
−∞
dt0e
−M˜(t−t0)B˜ = M˜−1B˜. (3.13)
The inversed matrix M˜−1 can be easily evaluated and we get
ρaa =
ra
2|M˜ |γΩ
2ρ
ρac =
ira
2|M˜ |γ
2Ωe−iφρ
ρcc =
ra
|M˜ |γ(γ
2 + Ω2/2)ρ, (3.14)
with |M˜ | = γ2(γ2 + Ω2). We can now plug equation (3.14) back into equation (3.7)
and use the adiabatic approximation to take the reduced density matrix ρ(t) out of
the integral. We then have the solution of equation (3.7) as
R(t) = −i
∫ t
−∞
e−M(t−t0)dt0A = −iM−1A, (3.15)
where the inversed matrix
M−1 =
1
D
 γ i2Ωe−iφ
i
2
Ωeiφ γ
 (3.16)
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can be easily obtained. Finally we have
ρab =
3irag1
4D|M˜ |γ
2Ω2ρa1 − rag2
2D|M˜ |e
−iφ(2γ3Ω +
γ
2
Ω3)ρa†2
ρcb =
g1ra
2D|M˜ |e
iφ(γ3Ω− γΩ
3
2
)ρa1 +
ig2ra
D|M˜ | [γ
2(γ2 +
Ω2
2
)− γ
2Ω2
4
]ρa†2. (3.17)
Insert the above equation into equation (3.4), the resulting equation for the reduced
density operator for the cavity field modes is [62, 58].
ρ˙ = −[β∗11a1a†1ρ + β11ρa1a†1 − (β11 + β∗11)a†1ρa1
+ β∗22a
†
2a2ρ+ β22ρa
†
2a2 − (β22 + β∗22)a2ρa†2]
− [β∗12a1a2ρ+ β21ρa1a2 − (β∗12 + β21)a2ρa1]eiφ
− [β∗21a†1a†2ρ+ β12ρa†1a†2 − (β12 + β∗21)a†1ρa†2]e−iφ
− κ1(a†1a1ρ− 2a1ρa†1 + ρa†1a1)
− κ2(a†2a2ρ− 2a2ρa†2 + ρa†2a2), (3.18)
where we have included the cavity damping terms in the usual way (We have assumed
that the two cavity modes are coupled to two independant vacuum reservoirs here)
with κ1 and κ2 being the the cavity decay rates of mode 1 and mode 2, respectively.
The coefficients β11, β22, β12 and β21 are given by
β11 =
g21ra
4
3Ω2
(γ2 + Ω2)(γ2 + Ω
2
4
)
, (3.19)
β22 = g
2
2ra
1
γ2 + Ω2
, (3.20)
β12 = g1g2ra
iΩ
γ(γ2 + Ω2)
, (3.21)
β21 =
g1g2ra
4
iΩ(Ω2 − 2γ2)
γ(γ2 + Ω2)(γ2 + Ω
2
4
)
. (3.22)
Here the terms proportional to β11 and β22 correspond to the emission from level |a〉
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and absorption from level |c〉, respectively, and the terms proportional to β12 and β21
correspond to atomic coherence generated by the classical pumping field Ω.
3. Entanglement generation
We now discuss how the above system leads to entanglement amplification. In order
to justify the entanglement of a state for a continuous variable system, we need an
entanglement criterion. According to a criterion proposed recently [63], a state of
a bipartite system is entangled if the sum of the quantum fluctuations of its two
EPR-like operators uˆ and vˆ satisfy the following inequality
(∆uˆ)2 + (∆vˆ)2 < 2, (3.23)
where
uˆ = xˆ1 + xˆ2,
vˆ = pˆ1 − pˆ2 (3.24)
and xˆj = (aj + a
†
j)/
√
2 and pˆj = (aj − a†j)/
√
2i(with j = 1, 2) are the quadrature
operators for the two subsystems 1 and 2 [63], respectively. As shown in [63], for
two mode continuous variable Gaussian states, this is a necessary and sufficient cri-
terion of entanglement. For a general mixed state, this is only a sufficient condition.
Nevertheless, this sufficient criterion is good enough for our purpose here.
We first analyze the case when Ω is much greater than γ and then proceed to
the general case with arbitrary Ω.
In the limit when Ω γ, we have from Eqs. (3.19)-(3.22) that
β11 ∼ 0, β22 ∼ 0, β12 ≈ β21 ∼ ig1g2ra 1
γΩ
. (3.25)
Under these conditions Eq. (3.18) simplifies considerably and we obtain (with iα =
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Fig. 12. (a) Time development of (∆uˆ)2 + (∆vˆ)2, and (b) 〈Nˆ〉 for initial coherent
states |100,−100〉 in terms of the normalized time gt. Various parameters are
ra = 22kHz, g = g1 = g2 = 43kHz, κ = κ1 = κ2 = 3.85kHz, γ = 20kHz,
Ω = 400kHz. In these figures, 1 and 2 represent the results for the parametric
case and the general case, respectively. Parameters are chosen such that they
correspond to the micromaser experiments [64].
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Fig. 13. (a) Time development of (∆uˆ)2 +(∆vˆ)2 and (b) 〈Nˆ〉 for initial vacuum states
for the two modes with Ω/γ = 20, 23, 25. Curves in (b) are truncated when
(∆uˆ)2 + (∆vˆ)2 = 2 and the state is not necessarily entangled. The chosen
parameters are ra = g = γ and κ/g = 0.001.
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β12 = β21)
ρ˙ = −iα(ρa1a2 − a2ρa1)eiφ − iα(ρa†1a†2 − a†1ρa†2)e−iφ
+iα(a1a2ρ− a2ρa1)eiφ + iα(a†1a†2ρ− a†1ρa†2)e−iφ
−κ1(a†1a1ρ− 2a1ρa†1 + ρa†1a1)
−κ2(a†2a2ρ− 2a2ρa†2 + ρa†2a2), (3.26)
This equation describes a parametric oscillator in the parametric approximation. We
can calculate the time evolution of the quantum fluctuations of the EPR-operators uˆ
and vˆ and the mean photon numbers from Eq. (3.26). In particular, we calculate the
time evolution of the various moments involved in the quantities (∆uˆ)2 + (∆vˆ)2 and
the total photon numbers 〈Nˆ〉 = 〈Nˆ1〉+ 〈Nˆ2〉. The resulting expressions are
[
(∆uˆ)2 + (∆vˆ)2
]
(t) = {[(∆uˆ)2 + (∆vˆ)2](0)
− 2κ
α + κ
}e−2(α+κ)t
+
2κ
α + κ
(3.27)
〈Nˆ〉(t) =
{(
〈Nˆ〉(0)− α
2
κ2 − α2
)
cosh(2αt)
−
(
ακ
κ2 − α2 + 〈a1a2 + a
†
1a
†
2〉(0)
)
sinh(2αt)
}
× e−2κt + α
2
κ2 − α2 , (3.28)
where we have taken the phase of the driven field to be φ = −pi/2 since only under
this special phase the positive exponential terms in (∆uˆ)2 + (∆vˆ)2 can be canceled
out and ensure that this quantity does not grow with time.
It is clear that, for any initial state of the field, the quantity (∆uˆ)2 + (∆vˆ)2
becomes smaller as time evolves and becomes less than 2 after some time. For large
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time when (α+ κ)t >> 1, we have (∆uˆ)2 +(∆vˆ)2 = 2 κ
α+κ
< 2, i.e., the entanglement
criterion is satisfied. Thus the system evolves into an entangled state and remains
entangled unless the entanglement is destroyed by some other dissipation channels.
We show below that the results based on the parametric approximation are valid
for small values of gt only and higher order contributions in γ/Ω tend to wipe out
the entanglement as time progresses. Thus, for the general case, the entanglement
remains only for a limited period of time.
The other important quantity is the mean number of photons in the two modes.
If we consider the large time behavior of the total photon number, we can neglect the
negative exponent terms in the sinh and cosh functions in Eq. (3.28). We then have
〈Nˆ〉(t) = [〈Nˆ〉(0)− 〈a1a2 + a†1a†2〉(0) + α/(α− κ)]exp[2(α− κ)t]− α2/(α2 − κ2). This
shows that, for any initial states of the two modes, the total mean photon number
increases exponentially for sufficiently large t provided α > κ. The condition for
the growth of mean photon numbers for small t involves the initial states of the
field. For example, for the initial coherent states |α1〉 and |α2〉 for the two modes,
this will very much depends on the phase of the coherent amplitude of these two
modes. The condition d〈Nˆ〉(t)/dt > 0, for t ≥ 0, leads us to the following inequality
α〈a1a2 + a†1a†2〉(0) + κ〈Nˆ〉(0) < 0 that is α(α1α2 + α∗1α∗2) + κ(|α1|2 + |α2|2) < 0. To
satisfy this inequality, the best choice is that, in addition to α > κ, we also have
α1α2 = −|α1α2|.
We now return to the general case. The various field moments required in the
inequality (3.23) can be obtained from Eq. (3.18). The resulting expressions are
complicated and we do not reproduce them here.
In Figs. 12 and 13 we show the time development of (∆uˆ)2 + (∆vˆ)2 and 〈Nˆ〉
for different Ω/γ and fixed κ/g. In Fig. 12, we plot these quantities for an initial
coherent state with 104 photons in each mode. The choice of the phase for the
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coherent amplitude is such that the condition α1α2 = −|α1α2| is satisfied. The
parameter values are such that they correspond to the micromaser experiments in
Garching [64]. We find that the two states remain entangled for a long time. The
parametric results are valid only for gt < 10. The agreement between the parametric
results with the exact results for the mean photon number 〈Nˆ〉 is valid for a longer
range. We also see that an increase in the photon numbers by almost 40 fold is
possible. In Fig. 13, we plot (∆uˆ)2 + (∆vˆ)2 and 〈Nˆ〉 for initial vacuum states for the
two modes. Again, the entanglement is retained for a large numer of photons. The
time scale for the two modes to remain entangled increases as the Rabi frequency of
the driving field is increased.
In summary, we have studied a cascade correlated emission laser system in which
a macroscopic entangled state between two modes of the radiation field can be built.
The entanglement does not depend on the initial state of the fields. Our analysis
indicates that such macroscopic entangled states can be realized as suggested above
by placing the atomic medium inside the doubly resonant cavity. Another possibility
is a system wherein atoms with long lived states pass through the cavity one at a time
such that there is at most one atom inside the cavity at a given time in the presence
of the classical driving fields. This corresponds to experimental arrangements such
as those used in the micromaser experiments [64, 65].
B. Entanglement generation in quantum beat lasers
In this section, we discuss the entanglement features of other CEL sytems, such as
quantum beat lasers [3].
Before we go into a detail discussion, another issue need to be addressed first.
Let’s consider a quantum beat laser that is pumped into its two upper levels |a〉 and
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|b〉 with maximum coherence, the two laser modes are intially in vaccuum states, and
the initial state of this system can be described as |ψ〉 = 1√
2
(|a〉+ |b〉)|0, 0〉. After one
emission, the atom will goes into its ground state |c〉 and the two laser modes will be
maximally entangled. We have, after traced out the atomic states, the state of the
field is |ψf〉 = 1√2(|1, 0〉+ |0, 1〉). What surprised us is that no physically measurable
entanglement criteria that have been found can verify the entanglement for such a
simple state. Great efforts have been put and lead us to find a new criterion, which
is appropriate for testifying the entanglement of quantum beat systems [66].
In the following, we first introduce the new entanglement criterion. We then
discuss the entanglement of a non-degenerate parametric converter as a simple appli-
cation to this criterion. We conclude this section by the discussion of the entanglement
of quantum beat lasers.
1. The entanglement criterion
This entanglement criterion involves calculations of the variances of two angular mo-
mentum type operators. It can be described as following: a state of a bipartite system
is entangled if it satisfies the following inequality,
(∆L1)
2 + (∆L2)
2 < 2(〈Na〉+ 〈Nb〉), (3.29)
where, we define the following angular momentum type operators
L1 = ab
† + a†b
L2 = i(ab
† − a†b), (3.30)
a,b and a†,b† are the annihilation and creation operators of the two subsystems, and
Na = a
†a and Nb = b†b are the photon number operators. The proof of this criterion
is quite simple: We know that the density matrix of a separable state for a bipartite
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system can be written as ρ =
∑
i piρ
(A)
i × ρ(B)i , where pi ≥ 0 and
∑
i pi = 1. By
plugging this density matrix into the left hand side of inequality (3.29), we have
(∆L1)
2 + (∆L2)
2 =
∑
i
pi((∆L1)
2
i + (∆L2)
2
i ) (3.31)
= 2
∑
i
pi[〈Na + 1〉i〈Nb〉i + 〈Na〉i〈Nb + 1〉i (3.32)
− 2|〈a〉i〈b†〉i|2] (3.33)
≥ 2
∑
i
pi[〈Na〉i + 〈Nb〉i] (3.34)
≥ 2[〈Na〉+ 〈Nb〉]. (3.35)
Here, 〈〉i means the expectation value with respect to the sub-species ρ(A)i ×ρ(B)i , and
we have used
|〈a〉|2 ≤ 〈Na〉 (3.36)
and the Schwartz inequality in the last two steps. A family of similar entanglement
conditions can be obtained based on this criterion. A detail discussion of this topic
can be found in reference [66].
It is easy to verify that this criterion can detect the entanglement for the simple
state 1√
2
(|1, 0〉+ |0, 1〉). We find that for this state,
(∆L1)
2 + (∆L2)
2 = 1 < 2(〈Na〉+ 〈Nb〉) = 2. (3.37)
We notice that the entanglement criterion (3.29) can actually be simplified, since
we have
(∆L1)
2 + (∆L2)
2 − 2(〈Na〉+ 〈Nb〉) = 〈N1N2〉 − |〈a†1a2〉|2. (3.38)
We then can also use the following equivalent inequality to testify the entanglement,
〈N1N2〉 − |〈a†1a2〉|2 < 0. (3.39)
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2. Entanglement production of non-degenerate parametric converters
Prepared by the entanglement criterion, let us now demonstrate some applications. A
simple application of this criterion would be a non-degenerate parametric converter.
Analogous to the parametric down conversion oscillator, we define a system which
has the following Hamiltonian
H = h¯(a†1a2e
iφ + a†2a1e
−iφ) (3.40)
as non-degenerate parametric converter, where  and φ are the intensity and phase
of the effective pumping field. We see that instead of a sum-frequency transition in
a parametric down conversion oscillator, we have a sub-frequency transition for this
system. We believe this system can be implemented by using some kind of non-linear
crystals. The equations of motion for the two field mode operators in the Heisenberg
picture are,
a˙1(t) =− ia2(t)eiφ,
a˙2(t) =− ia1(t)e−iφ. (3.41)
The solutions of these equations are given by
a1(t) = a1(0) cos(t)− ia2(0)eiφ sin(t),
a2(t) = a2(0) cos(t)− ia1(0)eiφ sin(t). (3.42)
The various momenta of the field operators required in calculations of inequality
(3.39) can then be computed provided with the initial state of the field. If the initial
state of the field is a Fock-state |ψ〉 = |n1, n2〉 (n1 and n2 are initial photon numbers
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Fig. 14. The entanglement(a) and photon numbers(b) (the dash line is for mode 1 and
the solid line is for mode 2) of a parametric quantum beat oscillator, we take
 = 1 and the initial state of the field being |10, 0〉 for a special case.
of the two field modes), we obtain
〈a†1a2〉 = ie−iφSC(n2 − n1), (3.43)
〈N1N2〉 = n1n2(C4 + S4) + [(n2 − n1)2 − (n1 + n2)]S2C2, (3.44)
where C = cos(t) and S = sin(t). We then have for the left hand side of inequality
(3.39)
〈N1N2〉 − |〈a†1a2〉|2 = n1n2(C4 + S4)− (n1 + n2)C2S2. (3.45)
The requirement of the entanglement being detected all the time by the criterion
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(3.39) lead us to having either n1 = 0 and n2 6= 0 or n2 = 0 and n1 6= 0. This means
that one of the field modes is initially in vaccuum state. Fig. 14 shows the result
for the initial state of the field being |10, 0〉. We see that there are oscillations in the
photon numbers as well as in the the left hand side of inequality (3.39). We see that
the left hand side of inequality (3.39) are always negative, which hints the two field
modes are always entangled.
3. Field entanglement in a quantum beat laser
We now discuss the entanglement production in a quantum beat laser. A quantum
beat laser contains a ‘V’-type atomic system inside a doubly resonant cavity (see
Fig. 15). Atoms are prepared in a coherent superposition of upper levels |a〉 and |b〉
by an external classical field with an effective Rabi frequency Ωe−iφ. The two laser
transitions |a〉 − |c〉 and |b〉 − |c〉 with frequencies ν1 and ν2 share a common lower
level |c〉. The Hamiltonian for this system in the interaction picture and under the
dipole approximation and rotating wave approximation is given by
V = h¯g(a1e
i∆t|a〉〈c|+ a2ei∆t|b〉〈c| − h¯Ω
2
e−iφ|a〉〈b|+H.c., (3.46)
where we have assumed the common atom field coupling constant g for mode 1 and
2. ∆ = ωa − ωc − ν1 = ωb − ωc − ν2 is the atomic detuning with respect to the field.
For simplicity, we have assumed the classical driving field has a frequency of ν3 = ωab.
The master equation of this system can be derived under the linear approximation
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Fig. 15. A schematic of the system setup for a quantum beat laser
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by keeping the coupling constant g to its first order [67],
ρ˙ =− 1
2
α11(ρa1a
†
1 − a†1ρa1)−
1
2
α22(ρa2a
†
2 − a†2ρa2)
− 1
2
α12(ρa2a
†
1 − a†1ρa2)eiφ
− 1
2
α21(ρa1a
†
2 − a†2ρa1)e−iφ +H.c.
− κ1
2
(a†1a1ρ− 2a1ρa†1 + ρa†1a1)
− κ2
2
(a†2a2ρ− 2a2ρa†2 + ρa†2a2), (3.47)
where
α11 =
g2ra
2γ(γ2 + Ω2)
{
(2γ2 + Ω2 + iΩγ)[γ − i(∆− Ω/2)]
γ2 + (∆− Ω/2)2
+
(2γ2 + Ω2 − iΩγ)[γ − i(∆ + Ω/2)]
γ2 + (∆ + Ω/2)2
}
, (3.48)
α12 =
g2raΩ
2γ(γ2 + Ω2)
{
γ − i(∆− Ω/2)
γ2 + (∆− Ω/2)2 (Ω− iγ)
− γ − i(∆ + Ω/2)
γ2 + (∆ + Ω/2)2
(Ω + iγ)
}
, (3.49)
α21 =
g2ra
2γ(γ2 + Ω2)
{
(2γ2 + Ω2 + iΩγ)[γ − i(∆− Ω/2)]
γ2 + (∆− Ω/2)2
−(2γ
2 + Ω2 − iΩγ)[γ − i(∆ + Ω/2)]
γ2 + (∆ + Ω/2)2
}
, (3.50)
α22 =
g2raΩ
2γ(γ2 + Ω2)
{
γ − i(∆− Ω/2)
γ2 + (∆− Ω/2)2 (Ω− iγ)
+
γ − i(∆ + Ω/2)
γ2 + (∆ + Ω/2)2
(Ω + iγ)
}
. (3.51)
We have assummed here atoms are injected into their uppest levels |a〉 at a rate ra.
Note here, we have included the cavity decays by assumming that the two laser modes
damp through two vacuum reserviors independently. κ1 and κ2 are then the two
cavity damping rates. Atomic decays have also been phenomenologically introduced
and we assume all three levels have the common atomic decay rate γ. Here the terms
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proportional to α11 and α22 are the gain terms, which correspond to the emission
from level |a〉 and |c〉, respectively. These processes are noncoherent processes and
they will wipe out the entanglement if they exist. The terms proportional to β12 and
β21 correspond to atomic coherence generated by the coupling field Ω. These terms
describe the process where one photon is absorbed and another photon in the other
cavity mode is emitted and these are the entanglement source terms. However, we see
that there is no gain associated with this coherent process. As a result, an amplified
entangled field is not obtained in a quantum beat laser. This is not like the cascade
CEL where two photons are coherently emitted and thus the coherence terms can
also provide gains to the field [68].
We notice here, if we assume Ω → ∞ and ignore all cavity dampings, that is
κ1 = κ2 = 0 and keep 1/Ω to its first order, we will have for Eqs. (3.48-3.51)
α11 ≈ α22 ≈ 0, α12 ≈ α21 ≈ 2ig
2ra
γΩ
. (3.52)
We thus approximately ingnored the noncoherent amplification terms. The master
equation (3.47) can be simplified as
ρ˙ = i[(ρa2a
†
1 − a†1ρa2)eiφ + (ρa1a†2 − a†2ρa1)e−iφ] +H.c., (3.53)
where  = i
2
α12 = −g2raγΩ . This master equation exactly describes a non-degenerate
parametric converter that we have discussed in the previous section. The calculation
for the general case with considerations of cavity dampings and limited Ω effects is
rather tedious so that we didn’t duplicate it here. The results are shown in Fig. (16).
As we have just discussed, we see that the noncoherent cavity damping terms and
gain terms will wipe out the entanglement of the field modes. The entanglement can
only be observed for states with small number of photons.
In a summary, we have discussed the entanglement features of non-degenerate
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Fig. 16. The time evolution of entanglement(a) and photon numbers(b)(the dash line
is for mode 1 and the solid line is for mode 2) of a quantum beat laser. The
following parameters have been chosen: ra = 1, Ω = 10, γ = 0.1, g = 1, ∆ = 0
and φ = pi.
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parametric converters and quantum beat lasers. A new entanglement criterion has
been applied to verify the entanglement in those systems. We claim that entanglement
can be produced when one of the field mode is initially in vaccuum state and the
other field mode is initially prepared in a Fock-state. This entanglement can only be
observed for states with small number of photons.
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CHAPTER IV
NON-DEGENERATE PARAMETRIC AMPLIFIER AS AN ENTANGLEMENT
SOURCE
We have seen that the entanglement amplifer we just discussed in the previous sec-
tion becomes into a Non-degenerate parametric amplifier (NOPA) when the classical
pumping field is much larger than the atomic decay rate. In this chapter we are going
to discuss the entanglement generation of NOPA systems in detail. We especially
carry out the input-output calculations of a NOPA and to show that the two output
fields of a NOPA are still entangled. We also consider the effects of the pumping
fluctuations on the entanglement generation of NOPA systems in this chapter.
A. The entanglement of an NOPA: below and above the threshold
1. System description and the Hamiltonian
We consider a system with a type II nonlinear crystal placed in an optical cavity tuned
to allow three modes of the light field of frequencies ω1, ω2 and ω3 with ω1+ω2 = ω3 as
shown in Fig. 17. Here, mode 3 is pumped by some external laser field at frequency
ω3 and modes 1 and 2 are the signal and idler modes of the NOPO. These three
modes (modes 1, 2 and 3) are in contact with three bathes (bath 1, bath 2 and bath
3) through some semitransparent mirrors. The total Hamiltonian of this system can
be written as
Htot = Hsys +Hpump +Hbath1 +Hint1 +Hbath2 +Hint2
+Hbath3 +Hint3, (4.1)
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Fig. 17. A scheme for our non-degenerate parametric oscillator system. It consists of
a type II crystal located in an optical cavity tuned to allow three modes of
the light field of frequencies ω1, ω2 and ω3 with ω1 + ω2 = ω3. Mode 3 is
pumped by an external laser at frequency ω3. Modes 1 and 2 are the sigal
and idler modes of this oscillator that interact with two baths (bath 1 and
bath 2), with ain(bin) and aout(bout) to be the input and output fields of bath
1 (bath 2).
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where Hsys depends only on the internal modes operators. Hpump describes the exter-
nal laser pumping of mode 3. Hbath1, Hbath2 and Hbath3 are the free Hamiltonians for
bath 1, 2 and 3, respectively. Hint1 describes the interaction between cavity mode 1
and bath 1 and so do Hint2 and Hint3. For a nondegerate parametric oscillator system,
Hsys can be written as
Hsys = h¯ω1a
†
1a1 + h¯ω2a
†
2a2 + h¯ω3a
†
3a3 +
1
2
ih¯g[a†1a
†
2a3 − a1a2a†3], (4.2)
where a1, a2, a3 and a
†
1, a
†
2, a
†
3 are the annihilation and creation operators for the
cavity modes 1,2 and 3. g describes the nonlinear coupling due to the type II nonlinear
crystal. The pumping hamiltonian of mode 3 can be written as
Hpump = ih¯[Ea
†
3exp(−iω3t)− E∗a3exp(iω3t)], (4.3)
where E is the complex amplitude of the driving laser field. The rest terms describe the
time irreversible damping of these cavity fields and can be treated by some traditional
methods [69].
2. Input and output calculations: below the threshold
Let’s first consider the case when the system operates below its threshold. For this
case, we can treat the third mode field classically and represent all the effects due
to this field by a classical effective pumping field to the nonlinear crystal inside the
cavity. Under this consideration, we simply ignore the external pumping and the
cavity damping associated with mode 3, and the Hamiltonian becomes
Htot = Hsys +Hbath1 +Hint1 +Hbath2 +Hint2, (4.4)
and
Hsys = h¯ω1a
†
1a1 + h¯ω2a
†
2a2 +
1
2
ih¯[e−iω3ta†1a
†
2 − ∗eiω3ta1a2], (4.5)
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where  is the effective pump intensity, which could be a complex number.
Following Gardiner’s input-output theory for quantum dissipative systems [69],
we use the Hamiltonian (4.4) to obtain quantum Langevin equations for those cavity
modes
da1
dt
= − i
h¯
[a1, Hsys]− γ1
2
a1 +
√
γ1ain (4.6)
= − i
h¯
[a1, Hsys] +
γ1
2
a1 −√γ1aout (4.7)
da2
dt
= − i
h¯
[a2, Hsys]− γ2
2
a2 +
√
γ2bin (4.8)
= − i
h¯
[a2, Hsys] +
γ2
2
a2 −√γ2bout, (4.9)
where γ1 and γ2 are the cavity damping rates for mode 1 and 2 and
√
γ1ain,
√
γ1aout,
√
γ2bin and
√
γ2bout are the associated quantum noices with ain, aout and bin, bout to
be the incoming and outcoming parts of the external fields for bath 1 and bath 2,
respectively. We can then substitute in the Hsys for the nondegenerate parametric
oscillator and obtain
da1
dt
= −iω1a1 + 1
2
e−iω3ta†2 −
γ1
2
a1 +
√
γ1ain (4.10)
= −iω1a1 + 1
2
e−iω3ta†2 +
γ1
2
a1 −√γ1aout (4.11)
da2
dt
= −iω2a2 + 1
2
e−iω3ta†1 −
γ2
2
a2 +
√
γ2bin (4.12)
= −iω2a2 + 1
2
e−iω3ta†1 +
γ2
2
a2 −√γ2bout. (4.13)
In the rotating frame
a1 = a¯1e
−iω1t ain = a¯ine−iω1t
a2 = a¯2e
−iω2t bin = b¯ine−iω2t.
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If assuming γ = γ1 = γ2, we obtain
da¯1
dt
=
1
2
a¯†2 −
γ
2
a¯1 +
√
γa¯in =
1
2
a¯†2 +
γ
2
a¯1 −√γa¯out, (4.14)
da¯2
dt
=
1
2
a¯†1 −
γ
2
a¯1 +
√
γb¯in =
1
2
a¯†1 +
γ
2
a¯2 −√γb¯out. (4.15)
The above equations can be written in matrix form as
da
dt
= (A− γ
2
I) · a+√γain (4.16)
= (A+
γ
2
I) · a−√γaout, (4.17)
where A is a matrix and
A =

0 0 0 1
2

0 0 1
2
∗ 0
0 1
2
 0 0
1
2
∗ 0 0 0

, a =

a1
a†1
a2
a†2

. (4.18)
It is appropriate to consider the solution in the frequency domain. Therefore, we do
the following Fourier transform
a(t) =
1√
2pi
∫ ∞
−∞
e−iωta˜(ω)dω. (4.19)
Equation (4.16) then becomes
−iωa˜(ω) = (A− γ
2
I) · a˜(ω) +√γa˜in(ω) (4.20)
= (A+
γ
2
I) · a˜(ω)− √γa˜out(ω), (4.21)
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where
a˜(ω) =

a˜1(ω)
a˜†1(−ω)
a˜2(ω)
a˜†2(−ω)

. (4.22)
We are only concerned about the steady state result here. Therefore while taking
the Fourier transform of the first derivative of a(t) in Eq. (4.10), we simply ignore
the term depending on the initial condition a(0), since this term contributes only to
the transient behavior. For simplicity, we assume all integrals over freqency in those
fourier transforms extend over an interval large compared to the cavity bandwidth but
small compared to the actual central frequencies ω1 and ω2. With this assumption,
we can prove that the annihilation and creation operators in the frequency domain
obey the following commutation relation
[a˜in(ω), a˜in(ω
′)] = 0 [a˜in(ω), a˜
†
in(ω
′)] = δ(ω − ω′) (4.23)
[˜bin(ω), b˜in(ω
′)] = 0 [b˜in(ω), b˜
†
in(ω
′)] = δ(ω − ω′). (4.24)
We can eliminate the operators for the internal modes a˜(ω) and express the output
field operators in terms of the input field operators as
a˜out(ω) = [A+ (
γ
2
+ iω)I][−A+ (γ
2
− iω)I]−1a˜in(ω). (4.25)
We then evaluate all those matrices and multiply the right hand side of Eq. (4.25).
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After some transformations and calculations, we obtain
a˜out(ω1 + ω) =
1
D
[C1a˜in(ω1 + ω) + C2b˜
†
in(ω2 − ω)] (4.26)
a˜†out(ω1 + ω) =
1
D∗
[C1a˜
†
in(ω1 + ω) + C
∗
2 b˜in(ω2 − ω)] (4.27)
b˜out(ω2 − ω) = 1
D∗
[C1b˜in(ω1 − ω) + C2a˜†in(ω1 + ω)] (4.28)
b˜†out(ω2 − ω) =
1
D
[C1b˜
†
in(ω2 − ω) + C∗2 a˜in(ω1 + ω)], (4.29)
where D = (γ
2
− iω)2 − ||2
4
and C1 =
γ2+||2
4
+ ω2, C2 =
γ
2
. We note that we have
allowed the rotation and changed back to the original frame from the rotating frame.
We recall that for the input fields are vacuum states, their normally ordered
variance will all be zero, that is
〈c, d〉 = 〈c†, d〉 = 〈c†, d†〉 = 0, (4.30)
where
〈c, d〉 = 〈cd〉 − 〈c〉〈d〉.
and c, d denotes either a˜in or b˜in. Under this condition, the only contribution to the
normally ordered variance of the output fields will be from the commutator terms.
This gives
〈a˜†out(ω1 + ω), a˜out(ω1 + ω′)〉
= 〈b˜†out(ω2 − ω), b˜out(ω2 − ω′)〉
= (
γ||
2|D|)
2δ(ω − ω′), (4.31)
〈a˜out(ω1 + ω), b˜out(ω2 − ω′)〉
= 〈b˜†out(ω2 − ω), a˜†out(ω1 + ω′)〉∗
=
γ
2|D|2 (
γ2 + ||2
4
+ ω2)δ(ω − ω′). (4.32)
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To estimate the entanglement for the output field, we ajust the entanglement criterion
(3.23) and apply it in the frequency domain (one can easily verify this is applicable).
We thus only care about the spectrum when we estimate the entanglement of the
output field, the delta functions can then be ignored and we have, for the output
field,
[(∆uˆout)
2 + (∆vˆout)
2]ω
= 2[〈a˜†out, a˜out〉+ 〈b˜†out, b˜out〉+ 〈a˜out, b˜out〉+ 〈b˜†out, a˜†out〉]ω + 2
=
1
|D|2 [γ
2||2 + γ( + ∗)(γ
2 + ||2
4
+ ω2)] + 2. (4.33)
Here ω is the frequency deviation from the central frequency. The associated frequen-
cies with operators a˜out, a˜
†
out and b˜out, b˜
†
out are ω1 + ω and ω2 − ω, respectively. The
quantity ([(∆uˆout)
2 + (∆vˆout)
2]ω) is less than 2 only if the real part of the effective
pumping intensity Re() is negative. An extreme case would be if  is a negative real
number, namely  = −||. Under this condition, we have
[(∆uˆout)
2 + (∆vˆout)
2]ω
=
1
|D|2 [γ
2||2 − 2γ||(γ
2 + ||2
4
+ ω2)] + 2
= 2− 8γ||[(γ − ||)
2 + 4ω2]
(γ2 − ||2 − 4ω2)2 + (4γω)2 . (4.34)
Thus [(∆uˆout)
2 + (∆vˆout)
2]ω is clearly smaller than 2 and the two modes (a˜out(ω1 +
ω) and b˜out(ω2 − ω)) of the output field are in an entangled state. At the central
frequencies when ω = 0 we have
[(∆uˆout)
2 + (∆vˆout)
2]ω=0 = 2− 8γ||
(γ + ||)2 . (4.35)
This result is consistent with the result when we consider the entanglement for the
intracavity modes in the previous section [68].
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Fig. 18. Dependences of spectrum of the quantum fluctuations of EPR-like operators
and intensities on the dimensionless frequency shift ω/γ, for system operating
below the threshold |/γ| = 0.1.
Another quantity we are concerned about is the intensity spectrum of these two
entangled modes. Under the entanglement condition, i.e.,  = −|| is a negative real
number, we have
〈a˜†outa˜out〉ω = 〈b˜†outb˜out〉ω =
γ2||2
4|D|2
=
4γ2||2
(γ2 − ||2 − 4ω2)2 + (4γω)2 . (4.36)
At the central frequencies, we have
〈a˜†outa˜out〉ω=0 = 〈b˜†outb˜out〉ω=0 =
4γ2||2
(γ2 − ||2)2 . (4.37)
In Fig. 18, we see the dependence of the spectrum of the summation of quan-
tum fluctuations of the EPR-like operators and the intensities on the dimentionless
frequency shift ω/γ when the system operates below threshold. We see that the max-
imum entanglement as well as the maximum photon numbers happens at the center
frequency ω/γ = 0. They decrease monotonically with the increase of the frequency
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shift ω/γ.
3. Input and output calculations: above the threshold
When the system operates above the threshold, we have to treat all intracavity field
modes quantum mechanically. If we try to follow the input-output formulism in the
previous section, we have to deal with some nonlinear Quantum Langevin Equations
or some equivalent Quantum Stochastic Differential Equations for the intracavity
field. It is well known from the regular Laser theory that a linearization technique is
inapplicable due to the phase diffusion processes in this system. Phase space method
is a typical way to solve this problem. In the following, we will follow the procedure
proposed in reference [70] to obtain the required momenta for the intracavity field. We
can then obtain the entanglement measure of the output field through the boundary
conditions.
A summarization of this procedure is given in follows. By introducing the positive
P representation, one can convert the master equation satisfied by the density operator
ρˆ into a c-number Focker-Plank equation and then transformed into equivalent c-
number stochastic differential equations,
α˙1 = −γ
2
α1 + gα3α
†
2 + (gα3)
1/2ξ1(t),
α˙2 = −γ
2
α2 + gα3α
†
1 + (gα3)
1/2ξ2(t),
α˙3 = E − γ3
2
α3 − gα1α2,
α˙†1 = −
γ
2
α†1 + gα
†
3α2 + (gα
†
3)
1/2ξ†1(t),
α˙†2 = −
γ
2
α†2 + gα
†
3α1 + (gα
†
3)
1/2ξ†2(t),
α˙†3 = E
∗ − γ3
2
α†3 − gα†1α†2, (4.38)
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with ξ(t) and ξ†(t) the independent real white noise and have the following nonzero
correlations,
〈ξ1(t)ξ2(t′)〉 = δ(t− t′)
〈ξ†1(t)ξ†2(t′)〉 = δ(t− t′).
In order to deal with the phase diffusion process, we define the following phase and
amplitude variables:
Ij = α
†
jα,
φj = ln(α
†
j/αj)/2i, j = 1, 2, 3. (4.39)
In terms of these variables, equation (4.38) can be transformed into
I˙1 = −γI1 + 2g(I1I2I3)1/2 cosψ + F1(t),
φ˙1 = −g(I2I3/I1)1/2 sinψ + f1(t),
I˙2 = −γI2 + 2g(I1I2I3)1/2 cosψ + F2(t),
φ˙2 = −g(I1I3/I2)1/2 sinψ + f2(t),
I˙3 = 2|E|I1/23 cos(φ3 − φ0)− γ3I3 − 2g(I1I2I3)1/2 cosψ,
φ˙3 = − |E|
I
1/2
3
sin(φ3 − φ0)− g(I1I2/I3)1/2 sinψ, (4.40)
where E = |E|e−iφ0, ψ = φ1 + φ2 − φ3 and
Fj(t) = (gα
†
3)
1/2αjξ
†
j (t) + (gα3)
1/2α†jξj(t),
fj(t) = (gα
†
3)
1/2ξ†j (t)/(2iα
†
j)− (gα3)1/2ξj(t)/(2iαj). (4.41)
The above-threshold semiclassical steady-state solution of equation (4.40) would be
I03 = γ
2/(4g2), I0 = I01 = I
0
2 =
|E|
g
− γ3γ
4g2
,φ0 = 0, φ
0
3 = φ0.
To separate out the phase diffusion process, we define φ± = φ1 ± φ2 and obtain
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the following equations,
I˙1 = −γI1 + 2g(I1I2I3)1/2 cosψ + F1(t),
I˙2 = −γI2 + 2g(I1I2I3)1/2 cosψ + F2(t),
φ˙+ = −g[(I2I3/I1)1/2 + (I1I3/I2)1/2] sinψ + f1(t) + f2(t),
I˙3 = −2|E|I1/23 cos(φ3)− γ3I3 − 2g(I1I2I3)1/2 cosψ,
φ˙3 =
|E|
I
1/2
3
sin(φ3)− g(I1I2/I3)1/2 sinψ,
φ˙− = g[(I1I3/I2)1/2 − (I2I3/I1)1/2] sinψ + f1(t)− f2(t), (4.42)
We have already taken φ0 = pi here. One can prove that only φ− will experience a
phase diffusion process and all other quantities are stable arround their corresponding
semiclassical steady-state values. We now partially linearize the above equations by
defining
∆Ij = Ij − I0j (j = 1, 2, 3),
∆φ+ = φ+ − φ0,
∆φ3 = φ3 − φ0. (4.43)
We have
∆I˙+ = (4g
2I0/γ)∆I3 + F
0
+(t),
∆I˙− = −γ∆I− + F 0−(t),
∆I˙3 = −γ3
2
∆I3 − γ
2
∆I+,
∆φ˙+ = −γ∆φ+ + γ∆φ3 + f 0+(t),
∆φ˙3 = −γ3
2
∆φ3 − (2g2I0/γ)∆φ+,
φ˙− = f 0−(t), (4.44)
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with ∆I± = ∆I1±∆I2 and F 0±(t) = F1(t)±F2(t), f 0±(t) = f1(t)±f2(t). The non-zero
correlations of these random noise are
〈F 0+(t)F 0+(t′)〉 = −〈F 0−(t)F 0−(t′)〉 = 2γI0δ(t− t′),
〈f 0−(t)f 0−(t′)〉 = −〈f 0+(t)f 0+(t′)〉 = (γ/2I0)δ(t− t′). (4.45)
These equations can then be readily solved and the results are the same as in
reference [70]. We can then use these results to evaluate the different momenta for
the intracavity field. For example,
〈aˆ1(t)aˆ2(t+ τ)〉 (4.46)
= 〈α1(t)α2(t+ τ)〉 (4.47)
= 〈
√
I(t)1e
−iφ(t)√I(t+ τ)2e−iφ(t+τ)〉. (4.48)
The linearization gives us√
I1,2(t) = (I
0)1/2[1 + (∆I+ ±∆I−)/(4I0)], (4.49)
φ1,2(t) =
1
2
[pi +∆φ+(t)± φ−(t)]. (4.50)
We have
〈α1(t)α2(t+ τ)〉 (4.51)
= −〈[1 + ∆I1(t)/(2I0)][1 + ∆I2(t+ τ)/(2I0)] (4.52)
×(1− 1
2
i∆φ+(t))(1− 1
2
i∆φ+(t+ τ)) (4.53)
×exp[− i
2
(φ−(t)− φ−(t+ τ))〉. (4.54)
We note from the boundary condition
αout(t) =
√
γα(t)− αin(t)
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We simply have
〈αout1(t)αout2(t+ τ)〉 = γ〈α1(t)α2(t+ τ)〉. (4.55)
The Frourie transformation of the time correlation function will give us the spectrum
Cij(ω) =
∫ ∞
−∞
eiωτ 〈αout1(t)αout2(t + τ)〉dτ. (4.56)
We will finally get
C12(ω) = −2I0Lλ0 +
1
8
CI−(ω) +
1
8
Cφ+(ω)−
1
8
CI+(ω), (4.57)
where
Lλ = λγ/(λ
2 + ω2), (4.58)
CI−(ω) = −L(λ0+γ), (4.59)
Cφ+(ω) = −
2∑
j=1
γ
2
[
A¯2j
2λ¯j
+
A¯1A¯2
λ¯1 + λ¯2
]Lλ¯j+λ0 , (4.60)
CI+(ω) =
2∑
j=1
γ
2
[
A2j
2λj
+
A1A2
λ1 + λ2
]Lλj+λ0 , (4.61)
where λ0 = γ/(16I
0) and
λ1,2 = [γ3 ± (γ23 − 32g2I0)1/2]/4, (4.62)
λ¯1,2 = (γ/2 + γ3/4)± [(γ/2 + γ3/4)2 − 2g|E|]1/2, (4.63)
A1,2 = 1∓ γ3
(γ23 − 32g2I0)1/2
, (4.64)
A¯1,2 = 1± γ − γ3/2
[(γ + γ3/2)2 − 8g|E|]1/2 . (4.65)
Similarly we have for
Sij(ω) =
∫ ∞
−∞
eiωτ 〈α†outi(t)αoutj (t + τ)〉dτ, (4.66)
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Fig. 19. Dependences of spectrum of the quantum fluctuations of EPR-like operators
and intensities on the dimensionless frequency shift ω/γ, for system operating
above the threshold |E| = 2|E|thres = 2γγ32g , with g/γ = 1 and γ3/γ = 10.
S11(ω) = S22(ω) = 2I
0Lλ0 +
1
8
CI−(ω) (4.67)
+
1
8
Cφ+(ω) +
1
8
CI+(ω). (4.68)
We then have for the output field,
[(∆uˆout)
2 + (∆vˆout)
2]ω (4.69)
= 2 + 1/2[CI−(ω) + Cφ+(ω)] < 2 (4.70)
Fig. 19 shows the dependence of the spectrum of quantum fluctuations and the
emission rates on the central frequency shift ω/γ. We see the similiar behavour
happens here as we have seen for the below-the-threshold case. We then conclude that
the steady-state of the output beams of a NOPA system operating above threshold
is entangled.
For a summary of this section, we have considered the entanglement in the out-
put field of a nondegenerate optical parametric oscillator for below-threshold and
above-threshold cases. We showed that when both input fields are initially in the
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vacuum states, we have entanglement in the steady state between the two modes
that have opposite frequency shifts from their central frequencies in the output field.
We therefore obtain two entangled output beams in this system. These results have
potential applications in quantum teleportation and quantum computation.
B. Effects of pump fluctuations on the entanglement of a NOPA system
1. Statistical description of the pump fluctuations
Generally, a non-degenerate optical parametric amplifier (NOPA) under the rotating
wave approximation can be described by the following Hamiltonian in the interaction
picture:
H =
ih¯β
2
[asaie
iφ − a†sa†ie−iφ]. (4.71)
The system is driven by an input laser field and β and φ are the amplitude and the
phase of this field, respectively. Note that we treat the pump field classically in the
parametric approximation and thus ignore the pump depletion here. Two quantized
modes, namely the signal (s) and idler (i) modes, are coupled to this pump field. They
have either different frequencies or different polarizations with as (a
†
s) and ai (a
†
i ) the
annihilation (creation) operators associated with these two modes, respectively.
The Heisenberg equations obeyed by the field operators are the following:
a˙s = −β
2
a†ie
−iφ,
a˙†s = −
β
2
aie
iφ,
a˙i = −β
2
a†se
−iφ,
a˙†i = −
β
2
ase
iφ. (4.72)
It is well known that a laser operating above the threshold generates coherent
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field. However, due to the interaction with the environment, there will be phase
diffusion and amplitude fluctuation associated with this field. The pump field can
therefore be described as
〈b〉 ≡ βe−iφ = (β0 + δβ)e−iφ(t), (4.73)
where δβ is the random fluctuation of the amplitude and φ(t) represents the phase
diffusion process.
The amplitude fluctuation in the pump laser can be approximated by an Ornstein-
Uhlenbect stochastic process. The statistics of this process can be described as follows:
〈δβ(t)〉 = 0,
〈δβ(t)δβ(t′)〉 = IAΓe−Γ|t−t′|, (4.74)
where IA is the variance of the amplitude and Γ is the laser linewidth due to amplitude
fluctuations.
The phase diffusion of a laser field is a Brownian motion, which can be described
by a Wiener-Levy stochastic process,
〈φ(t)〉 = 0,
〈φ(t)φ(t′)〉 = D(t+ t′ − |t− t′|), (4.75)
where D is the diffusion coefficient. The derivative of this diffusion process is a white
noise, with
〈φ˙(t)φ˙(t′)〉 = 2Dδ(t− t′). (4.76)
For a laser operating far above the threshold, the amplitude fluctuation and phase
diffusion are independent and thus can be treated seperately.
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2. Entanglement measures
We again use the sufficient condition for entanglement, which is proposed in ref. [63].
In the present context of non-degenerate parametric oscillator, we need to evaluate
the following quantity involving the moments of idler and signal photons:
(∆uˆ)2 + (∆vˆ)2. (4.77)
Here
uˆ = xˆs + xˆi,
vˆ = pˆs − pˆi (4.78)
and xˆj = (aj + a
†
j)/
√
2 and pˆj = (aj − a†j)/
√
2i (with j = s, i) are the quadrature
operators for the signal and idler modes. As shown in [63], a bipartite system is
entangled whenever this quantity is less than 2. It has been shown that, for initial
vacuum states for signal and idler, the state generated in a NOPA is a continuous
variable Gaussian state (in general a mixed state with the consideration of fluctua-
tions) [71] and for such a state, this becomes a necessary and sufficient condition for
entanglement.
We also notice that if we substitute the definition of uˆ and vˆ into equation (4.77),
we obtain
(∆uˆ)2 + (∆vˆ)2 = 〈a†s, as〉+ 〈as, a†s〉+ 〈a†i , ai〉+ 〈ai, a†i〉+
+ 2(〈as, ai〉+ 〈a†s, a†i〉), (4.79)
where we used the notation 〈a, b〉 = 〈ab〉 − 〈a〉〈b〉. If we assume the field modes
are initially in vaccuum states, the expectation values for all first order momenta of
the field will never show up, all we need to evaluate are the following second-order
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momenta:
〈a†sas〉, 〈a†iai〉, 〈asai〉, 〈a†sa†i〉. (4.80)
3. Phase diffusion upon entanglement generation
It is mainly due to phase fluctuation that a laser operating far above threshold has
a natural linewidth. In this section, we address the effect of phase fluctuation upon
the entanglement generation of a NOPA system. Far above threshold, the amplitude
fluctuations can be effectively ignored. Thus, the driving laser field of the system can
be written as
βe−iφ ≡ β0e−iφ(t), (4.81)
with φ(t) a Gaussian random variable whose statistics can be described by Eq. (4.75).
It follows from Eq. (4.75)and Eq. (4.72) that we obtain (in the compact matrix form)
˙ˆ
O =MOˆ+ iφ˙(t)NOˆ, (4.82)
where
Oˆ =

asa
†
s + a
†
iai
aia
†
i + a
†
sas
asaie
iφ(t)
a†sa
†
ie
−iφ(t),

(4.83)
and
M =

0 0 −β0 −β0
0 0 −β0 −β0
−β0
2
0 0 0
0 −β0
2
0 0

, N =

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 −1

. (4.84)
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For the random phase given by a Wiener-Levy process, we obtain the following equa-
tion:
〈 ˙ˆO〉 = [M−DN2]〈Oˆ〉. (4.85)
We consider the case when both modes are initially in vacuum states, that is
〈 ˙ˆO(0)〉 =

1
1
0
0

. (4.86)
Equation (4.85) can then be solved in a straightforward way. The results for the
concerned quantities are
〈asa†s + a†sas + a†iai + aia†i 〉(t) =
2e−
1
2
Dt
β
[D sinh(
1
2
βt) + β cosh(
1
2
βt)], (4.87)
where β =
√
D2 + 4β20 .
We now need to evaluate the stochastic average of 〈asai〉. From the Heisen-
berg equation (4.72) with the phase fluctuations, we obtain the same form of matrix
equations as Eqs. (4.82) with the following subtitutions:
Oˆ =

asai
(a†iai + asa
†
s)e
−iφ(t)
a†sa
†
ie
−2iφ(t)
 , (4.88)
with
M =

0 −β0
2
0
−β0 0 −β0
0 −β0
2
0
 , N =

0 0 0
0 −1 0
0 0 −2
 . (4.89)
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The expectation values of Oˆ satisfy the same form of equations (4.85) with suitable
substitutions. This equation can be solved straightforwardly by using, for example,
the Laplace Transforms. With the initial condition of
〈 ˙ˆO(0)〉 =

0
1
0
 , (4.90)
we obtain
〈asai〉(t) = −
∑
i,j,k,i 6=j 6=k
e−λit
β0(λi + 4D)
2(λi − λj)(λi − λk) , (4.91)
where λi’s are the roots of the following Cubic equation:
λ3 + 5Dλ2 + (4D2 − β20)λ− 2β0D = 0.
The resulting solution is then
[(∆uˆ)2 + (∆vˆ)2](t) = 2{e
− 1
2
Dt
2β0
[D sinh(β0t) + 2β0 cosh(β0t)]
−
∑
i,j,k,i 6=j 6=k
e−λit
β0(λi + 4D)
2(λi − λj)(λi − λk) . (4.92)
Fig. 20 shows the time evolution of (∆uˆ)2+(∆vˆ)2 with various diffusion constants
and noice-intensity ratios D/β0. We have chosen β0t as our dimentionless time scale.
We see that from this figure, the entanglement will be finally eliminated due to the
phase fluctuations. This eliminlation becomes faster when the phase fluctuations are
strong.
4. Effect of amplitude fluctuations
Although we expect that the effect of amplitude fluctuations upon entanglement
generation are much weaker than the ones due to the phase fluctuations, it is still
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worthwhile to look at this problem. For this purpose we set φ = 0 and assume no
phase diffusions here. On substituting β = β0 + δβ(t) in the Heisenberg equations
(4.72), we find that the various moments needed for our entanglement measurement
form the following closed set of equations (we again write them here in the compact
matrix form):
˙ˆ
O =MOˆ + iδβ(t)NOˆ, (4.93)
where
Oˆ =

a†sas + asa
†
s
a†iai + aia
†
i
asai + a
†
sa
†
i ,
 (4.94)
and
M =

0 0 −β0
0 0 −β0
−β0
2
−β0
2
0
 , N = i

0 0 1
0 0 1
1
2
1
2
0
 . (4.95)
The matrices M and N commute. It then follows from the characteristics of a
Gaussian stochastic process, that the expectation value of Oˆ satisfies the following
equation:
〈 ˙ˆO〉 = [M−N2g(t)]〈Oˆ〉, (4.96)
where
g(t) = IA(1− e−Γt). (4.97)
For initial vaccuum states for the signal and idler modes, this equation can be solved
analytically. The resulting solution for the entanglement measure is:
(∆uˆ)2 + (∆vˆ)2 = 2ef(t)−β0t, (4.98)
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where f(t) =
∫ t
0
g(t′)dt′ = IAt + IA(e−Γt − 1)/Γ. In Fig. (21), we show our
results for various conditions of the driving amplitude fluctuations. For a typical
laser system, we have IA < β0 and we see that the amplitude fluctuation only slows
the progress of the system going into an entangled state. The maximumly entangled
state will always be obtained when the time lapses to infinity. This result confirms
our expectations.
In this section, we have investigated the effect of amplitude and phase fluctuations
of the pump field on the entanglement charactersitics of the idler and signal fields
in a NOPA system. The NOPA system has long been known to generate two-mode
squeezing. The generation of macroscopic entangled states through parametric down
conversion systems has also been proposed and experimentally implemented [36, 72,
73, 51]. Here we have shown that the effect of pump phase and amplitude fluctuations
is to reduce the entanglement. We conclude that, using a laser with controllable phase
and amplitude fluctuations, the results obtained in this paper can be verified by an
experiment such as the one discussed in [36].
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CHAPTER V
SUMMARY
In summary, we have studied entanglement generation in thermal states. We found
that entanglement could be generated between an atom and a thermal field if the
differential temperature of these two interacting systems is sufficiently large. En-
tanglement can even be generated when the initial temperature of the thermal field
is quite high. We also addressed the problem of entanglement generation between
two thermal fields. It turns out that atomic coherence plays an essential role in this
entanglement generation. Two important quantum concepts, namely coherence and
entanglement, are shown to be closely related in this case. We also proposed a new
entanglement amplifier base on a two-photon correlated emission laser system and
studied the entanglement generation and the effects of pumping fluctuations upon
the entanglement generation in this system. We performed an input-output calcula-
tion for a NOPA system and studied the pumping fluctuation effects in this system.
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